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Abstract. We use the double affine Hecke algebra of type GLjv to construct 
an explicit consistent system of g-difference equations, which we call the bis- 
pectral quantum Knizhnik-Zamolodchikov (BqKZ) equations. BqKZ includes, 
besides Cherednik's quantum affinc KZ equations associated to principal series 
representations of the underlying affine Hecke algebra, a compatible system of 
g-difference equations acting on the central character of the principal series 
representations. We construct a meromorphic self-dual solution <I> of BqKZ 
which, upon suitable specializations of the central character, reduces to sym- 
metric self-dual Laurent polynomial solutions of quantum KZ equations. We 
give an explicit correspondence between solutions of BqKZ and solutions of 
a particular bispectral problem for Ruijsenaars' commuting trigonometric q- 
difference operators. Under this correspondence <I> becomes a self-dual Harish- 
Chandra series solution of the bispectral problem. Specializing the central 
character as above, we recover from '!>+ the symmetric self-dual Macdonald 
polynomials. 
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1. Introduction 

Let M be an A^!-dimensional complex vector space and write T = (C \ {0})^. 
We derive an explicit holonomic system of g-difference equations on M-valued 
meromorphic functions on T x T, which we call the bispectral quantum Knizhnik- 
Zamolodchikov (BqKZ) equations. It is related to Cherednik's [9 quantum affine 
KZ equations in the following way. 
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Let H be the extended affine Hecke algebra of type GLat. For fixed Q the 
vector space M admits an iZ-module structure, turning M into the principal series 
module M{C,) of H with central character C,. The BqKZ naturally splits up into 
two subsystems of q-difference equations. The first subsystem acts only on the first 
T-component of T x T and as such it realizes, for any fixed C, , Cherednik's [9] 
quantum affine KZ equation qKZ^ acting on M(<^)-valued meromorphic functions 
on T X {(■}. The second, dual subsystem is obtained from the first by replacing the 
role of (<, C) G T X T by (C^^, ^^^) and conjugating the g-connection matrices by an 
explicit complex linear automorphism Ct of M . Hence, it acts only on the second 
T-component of T x T and it essentially realizes qKZ^-i for fixed i e T. In partic- 
ular, this provides a quantum isomonodromic interpretation of qKZ. This should 
be compared with the interpretation of rational KZ equations as quantizations of 
Schlesinger equations, see [3S] and [H]. 

The BqKZ is constructed using Cherednik's |5] double affine Hecke algebra H of 
type GLat. As a vector space H is isomorphic to£[T]®H~ <C[T] ®Hq(^C[T] ~ 
C[r x T] i/o with i/o the finite Hecke algebra of type A^-i- Cherednik's anti- 
algebra involution * : H — > H essentially interchanges, under the above vector space 
identification, the role of the two copies of C[T]. For w,w' € W = Sn x we 
consider the map h >-)■ S^hS^, {h & M), where the S'u, e H are Cherednik's non- 
normalized (X-)intertwiners. Restricted to w^w' G Z^, suitable renormalizations 
of these maps become the q-connection matrices of BqKZ, with Hq playing the role 
of M . The anti-involution * of H gives rise to the automorphism interchanging 
the qKZ subsystem of BqKZ with its dual subsystem in BqKZ. 

qKZ^ is gauge equivalent to Frenkel and Reshetikhin's [20| quantum KZ equa- 
tions associated with the iV-fold tensor product of the vector representation of quan- 
tum sIn (see [HI §1.3.2]). A special case of qKZ^. was considered earlier by Smirnov 
[32] ■ Etingof and Varchenko [TH] used quantum group methods to construct sys- 
tems of g-difference equations (so-called dynamical g-difference equations) that are 
compatible with Frenkel and Reshetikhin's quantum KZ equations associated to 
evaluation representations of quantum affine algebras. It is likely that the system 
of dynamical g-difference equations associated with qKZ^ is equivalent to the dual 
qKZ subsystem in BqKZ. 

Preceding the above mentioned work '18] of Etingof and Varchenko, dynamical 
equations for various degenerations of quantum KZ equations have been analyzed in 
detail; see, e.g., [19], [32 , [33], [31], [31] and [2^. An interesting aspect in, e.g., [32] 
and [46] , is the observation that various degenerations of quantum KZ equations are 
the duals of their associated dynamical equations with respect to (fllriflls) duality. 
In the present set-up (which corresponds to r = s = N), this duality is incorporated 
by the automorphism C^, which reflects Cherednik's duality anti-involution of the 
double affine Hecke algebra H on the level of BqKZ. 

We investigate the space SOL of Af-valued meromorphic solutions of BqKZ in 
detail. We first analyze BqKZ in a suitable asymptotic region. It leads to a solution 
$ of BqKZ which is self-dual, in the sense that ^(i, 7) = C^^{j~^ ,t~^) as M- valued 
meromorphic functions in {t, •y) ^ T xT. We construct a basis of solutions of SOL 
in terms of and we give an explicit formula for the leading term of $(i,7) as 
function of t. 

Cherednik [6] Thm. 3.4] constructed for arbitrary root systems a correspondence 
between solutions of quantum KZ equations and solutions of a system of g-difference 
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equations. In [6, Thm. 4.4], Cherednik made the correspondence precise for GLat. 
It yields an explicit map x+ from solutions of qKZ^ to solutions of the spectral 
problem of Ruijsenaars' \^\ commuting trigonometric ^-difference operators with 
spectral parameter (the Ruijsenaars operators are also frequently referred to 
as Macdonald- Ruijsenaars operators). The latter result has been generalized to 
arbitrary root systems in [261 Thm. 4.6] and ff. We analyze the map x+ in the 
present bispectral setting. It leads to the interpretation of x+ an embedding of 
SOL into the space of meromorphic solutions of a bispectral problem involving the 
above Ruijsenaars operators as well as Ruijsenaars operators acting on the spectral 
parameter. 

The application of the correspondence to the self-dual solution $ of BqZK leads 
to a self-dual Harish-Chandra series solution of the bispectral problem. Harish- 
Chandra series solutions of the Ruijsenaars operators with fixed spectral parameter 
were investigated before in, e.g., [T3], [TB], [2Z] and [3T]. The present approach to 
Harish-Chandra series, which uses quantum KZ equations in an essential way, has 
the advantage that it leads to new results on the convergence and singularities of the 
Harish-Chandra series. These results, together with Cherednik's recent work [TO] . 
form important building blocks in deriving the c- function expansion of Cherednik's 
global {q, t)-spherical function (this will be detailed in a forthcoming paper of the 
second author). 

The g-connection matrices of the dual qKZ subsystem of BqKZ can be used to 
map solutions of qKZ^ for a fixed central character ^ G T to solutions of qKZ^, with 
respect to a suitably shifted central character (' . Applied to a constant solution 
we obtain a symmetric Laurent polynomial solution Qx for any non-increasing iV- 
tuple A of integers, which is automatically self-dual. We express Qx in terms of a 
suitable specialization of the solution $ of BqKZ. Applying x+ to Q\ we obtain a 
symmetric self-dual Laurent polynomial cigenfunction of the Ruijsenaars operators, 
which is the normalized Macdonald 32 polynomial of degree A. We show that the 
well-known duality and evaluation formula for the Macdonald polynomials (see |32[ 
Chpt. VI]) are direct consequences of the properties of the Laurent polynomials 

Qx- 

For various other approaches to the construction of solutions of quantum KZ 
equations see, e.g., [10], [H], [H], EH, [SS], [U and 

Many results in the present paper, in particular the BqZK equations themselves, 
can be extended to arbitrary root systems. These extensions use the root system 
generalizations of H and their fundamental properties (see [9j). We have chosen 
to restrict the present exposition to the GL^r theory, not only in order to present 
the basic ideas while limiting the technicalities, but also because the GLat theory 
deserves extra attention by its particularly strong ties with quantum groups and 
quantum integrable lattice models (see, e.g., [I4j, [24]). The theory for arbitrary 
root systems is detailed in a forthcoming paper of the first author. 
Conventions 

— (E) always stands for tensor product over C and End(Af ), for a module M over C, 
stands for C-linear endomorphisms. 

-N={1,2,...}. 

— For a module M over a commutative ring R and a ring extension R (Z S,we write 

^ S(ErM. 
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2. The double affine Hecke algebra 

2.1. The extended affine Weyl group. Let N >2 and let D = D;^ he the afhne 
Dynkin diagram of afRne type An-i (the cyclic graph with N vertices if A'' > 3). 
The vertices arc labeled by the numbers 0, 1, . . . , — 1 (anticlockwise if > 3). 
We identify occasionally the set of labels by the group Zjv of integers modulo A''. 

Write Wq for the afRne Weyl group of afSne type Ajv-i- In terms of its Coxeter 
generators Si (i £ Z^r), the characterizing group relations are the quadratic relations 
s? = 1 and, if A^ > 3, the braid relations 

SiSi+iSi = Si+iSiSi+i, 

SiSj = SjSi, i - j ^ 0, ±1. 

The subgroup generated by Si, . . . , Sn-i is isomorphic to the symmetric group Sn 
in A'' letters, where Si is identified with the simple transposition i -H- z + 1. 

Let Aut(£') be the group of automorphisms of the afhne Dynkin diagram of type 
An-1- Let c G Aut(-D) the element of order A'', acting on the label set Zjv of the 
vertices of D by c(«) = i + 1. We view c as automorphism of Wq by c(si) = s^+i. 

Let = (tt) be the infinite cyclic group with cyclic generator tt. It acts by group 
automorphisms on Wq by tt i-> c. Accordingly we can define the semi-direct product 
group W = Q K Wq , which is called the extended affine Weyl group (associated to 
GLjv). We denote e for the identity element of W. 

Since sq = ttsjv-itt"^, the subgroups Sn and O already generate as a group. 
Furthermore we have W ^ Sn>^ Z^ . The cyclic generator tt of corresponds to tt = 
crejv, where {ei}^i denotes the standard Z-basis of Z^ and a = S1S2 ■ ■ ■ sjv-i € ^jv 
is the "clockwise rotation" which maps N to 1 and all other i to i + Conversely, 

(2.2) Cj = Sj-i ■ ■ • S2S1-KSN-1SN-2 ■■■Sj 

hvj = l,...,N. 

Remark 2.1. Under the identification W ~ Sn x , we have Wq = Sn x Q with 
Q C Z^ the sublattice of rank N — 1 consisting of A''-tuples of integers that sum 
up to zero (this is the (co)root lattice of the root system R — {a — ^j}i<i=^j<N of 
type ^jv-i). 

For w G W let w' G Wq and lo e be the unique group elements such that 
w = w'oj, then we define the length i{w) of w to be the length of w' G Wq, i.e., it 
is the minimal number r such that w' can be expressed as 

for some &1in (such an expression of w' , as well as the resulting expression for 
w = w'uj, is called a reduced expression). Thus ft consists of the elements of W of 
length zero. 

A central role in this paper is played by an action of the extended affine Weyl 

group W by (/-difference reflection operators on suitable function spaces on T := 
(C^)^, where := C \ {0}. Here q is taken to be real and strictly between zero 
and one (with minor technical adjustments the condition on q may be relaxed to 
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< |q| < 1, and a parallel theory can be developed for \q\ > 1). Since q is fixed 
once and for all, we will in general suppress the dependence on q in notations. We 
start with an action of on T by 

wt — (tjjj-i/i), . . . ,t^-i,pj)), w e Sn, 

(2 3) 

Xt^{q^Hi,...,q^"tN), A = (Ai,...,Ajv) eZ^, 

for t = (ti,...,tjv) e T. It is convenient to introduce k'*' := . . . , k'*'") for 

K e and A G Z^, so that the action of A G Z^ on t e T can simply be written 

as 

Xt = qh 

in standard vector notation. Note that the action of tt e 17 is given by 
7r(ti, . . . , In) — {qtN, ii,---, tw-i)- 

Consider the algebra C[T] = C[xf^, . . . ,x^^] of complex- valued, regular func- 
tions on T, where Xi{t) :— U for t — {ti, . . . ,tN) G T are the standard coordinate 
functions. We write 

x^ •••.T^" £ C[T] 

for A = (Ai, . . . , Ajv) G Z^, which form the monomial basis of C[T]. 

Let C(r) be the field of rational functions on T, 0{T) be the ring of analytic 
functions on T, and A4{T) be the field of meromorphic functions on T. Note that 
M{T) is the quotient field of 0{T) (cf. [23l Thm. 7.4.6]). The VF-action on T 
gives rise to a left W-action by algebra automorphisms on C[T], C(T), 0{T) and 
M{T), via 

(wfm = fiw-h) 

for w € W, t G T. We can, in particular, form the smashed product algebra 
C{T)^W. Recall that if G is a group and A is a G-algebra over C (that is, a unital 
associative algebra over C endowed with a left G-action by algebra automorphisms), 
then the smashed product algebra A^G is the unique complex unital associative 
algebra such that 

(i) A^G — A® C[G] as a complex vector space; 

(ii) the canonical linear embeddings A ^ A^G, C[G] ^ A^G are algebra 
homomorphisms; and 

(iii) the cross relations 

{a® g) ■ {b^ h) = ag{b) gh, 

are satisfied for a,b G A and g, h E G. 

We will always write ag :~ a (E> g E A^G {a <E A, g E G). Observe that A^G 
canonically acts on any G-algebra B containing A as a G-subalgebra. 

Note that the smashed product algebra C{T)^W depends on q, since the W- 
action on C(T) depends on q (see p.3p ). Sometimes it is convenient to emphasize 
its g-dependence, in which case we write C{T)4/=qW instead of C{T)^W. 

The canonical left C(T)#W^-action on C(r) (and M(T)) is faithful and realizes 
C{T)^W as the algebra of g-difference S'jv -reflection operators with coefficients in 
C(r). If / e C(r) then we write f(X) for the associated element in C{T)#W (it 
is the operator defined as multiplication by /). In particular, Xi is multiplication 
by the coordinate function Xi. 
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2.2. The extended affine Hecke algebra and Cherednik's basic representa- 
tion. In this subsection we recall some constructions and results due to Cherednik 
(see, e.g., ^, Chpt. 1] and references therein). 
Fix a nonzero complex number k. 

Definition 2.2. The affine Hecke algebra Hq — Hglk) is the complex, unital, 
associative algebra generated by Ti (i G 1,^) and satisfying 

(1) if N >3, the braid relations 

J-i-l-i+lJ-i — J-i+l-l-i-l-i+l, 

TiTj = TjTi, i-j^Q, ±1; 

(2) the quadratic relations {Ti — k){Ti + k^^) = 0. 

The Dynkin diagram automorphism c £ Aut(_D) can also be viewed as auto- 
morphism of Hq by c(Ti) = Ti^i. Accordingly, fl acts by algebra automorphisms 
on Hq by tt I— c. The extended affine Hecke algebra H = H{k) is the associated 
smashed product algebra Hq^^}. 

For a reduced expression w = Si-^ ■ ■ ■ Si^uj e W {ik G Zjv, G il), the element 

:= Tj^ • • • Ti^uj e H 

is well defined. The T^ {w G W) form a linear basis of H. For k — 1, the extended 
affine Hecke algebra H is isomorphic to the group algebra C[W] of W via the 
identification T^ ■(r^ w {w G W). 

The finite Hecke algebra is the subalgebra Hq of H generated by Ti, . . . , Tm~i- 
The elements T^ {w £ Sn) form a linear basis of Hq. Note that H is already 
generated as algebra by Hq and , since Tq = ttTn-itt^^ ■ 

Put 

(2.4) Y, := Tr\ . . . T^'T^\Tn^iTn-2 ■■■T,eH 

for i = 1, . . . , A^. Note that Yi becomes the translation element in W ii k = 1. 
We furthermore write Y^ Y^^' ■ ■ ■ Y^" for A = (Ai, . . . , Ajv) € Z^. We have the 
following characterization of H, due to Bernstein. For details we refer to Lusztig 
[201 or Macdonald [Ml §4.2]. 

Theorem 2.3. H is the unique unital complex associative algebra, such that 

(!) Hq (g) C[T] H as complex vector spaces, via h ® f ^ hf(Y) for h € Hq, 

/ G C[T], where f{Y) = Ea ca^^ if f = Ex^xx^ e C[T]; 
(ii) the canonical maps Hq, C[T] ^ H are algebra embeddings; we write Cy[T] = 

span(-.{y^}>,gziv for the image o/C[r] in H ; and 
(iii) the following cross relations 

Tr^Y^Tr^ =Y,+,, 

YjTi^T^Yj, i^^j-lj 

are satisfied for I < i < N and 1 < j < N . 

Cherednik realized the affine Hecke algebra H inside the algebra C{T)^W of 
g-difference reflection operators as follows. 
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Theorem 2.4. There is a unique injective algebra homomorphism p — pk,q : H{k) — > 
C(r)#gM^ satisfying 

p{Ti) = k + Ck{X,/ X,+i){s, - I), 

P{tt) = TT, 

for i = 1, . . . , N — 1, where 

fc-i - kz 



(2.5) Ckiz) := 



1 - z 



Note that for the afhne Hecke algebra H — H{k) with fixed parameter k, Theo- 
rem [2?4] yields a one-parameter family of realizations of H (the additional parameter 
being q). 

Remark 2.5. The image p{H) preserves C[T], viewed as a subspace of the canonical 
C(r)#M^-module C(T). The resulting representation of H on C[r] is faithful and 
is called the basic representation of H . 

We frequently identify H with its image under p in 'C{T)^W . 
We now come to the definition of Cherednik's double afhne Hecke algebra which 
depends, besides on k, on the additional parameter q. 

Definition 2.6. The double affine Hecke algebra H = W{k,q) is the subalgebra 
of <C{T)^qW generated by pk q{H) and by the multiplication operators f{X) (f £ 
C[T]). 

Let L = C[T] (g) C[r] ~ C[T X T] denote the complex- valued regular functions 
on T X T. We view H as L-module by 

(2.6) {J<^g)-h:^f{X)hg{Y) 

for f,g£ C[T] and e H. The following theorem is the so-called Poincare-Birkhoff- 
Witt (PBW) property of the double afhne Hecke algebra. 

Theorem 2.7. We have H ~ — l,(^Ho as h-modules. 

The PBW property is an essential ingredient in deriving the characterizing re- 
lations for the double afhne Hecke algebra H in terms of its algebraic generators 
Ti {1 < i < N), TT^^ and X^^ (1 < j < N). Since we are not going to use this 
presentation explicitly in this paper, we refer the reader to [9 for further details. 
We use though one of its direct consequences, namely the existence of the duality 
anti- isomorphism (see Cherednik [9l Thm. 1.4.8]): 

Theorem 2.8. There exists a unique C-linear anti-algebra involution *: H — !> HI 
determined by 

Tw = Tyj-i, w G Sn, 

{x^)* = Y-^, AeZ^. 
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2.3. Intertwiners. In this subsection we recall the construction of the (nonnor- 
malized) afSne intertwiners associated to the double affine Hecke algebra H. The 
intertwiners play an important role in the construction of a nontrivial W x W- 
cocycle in the next section. Consider the elements 

S,^ ik-k-^X,+i/X,)s,, l<i<N, 

So^{k- k-'q-'Xi/XN)so, 

in C(r)#qVF. The following facts are well known (cf., e.g., [9^ §1.3]). For the 
convenience of the reader, we give a short sketch of the proof. 

Proposition 2.9. Let w (z W and let w ~ Sj-^ •••Sj^.tt™ be a reduced expression 
(ii e ^V; m e Z). 

(i) Sw '■= Sj^ ■ ■ ■ Sj^S™ is a well-defined element of C{T)^W ; 
(ii) Sw e H; 

(iii) the Si (i G 'Zn) satisfy the Aiq-i-type braid relations; 

(iv) Swf{X) = {wf){X)Sw in C{T)#W for all f e C(T); and 
(v) = {k- k-^X,+i/X,){k - k-^X,/X,+i) forl<i<N. 

Proof, (i) Set di {k -k-^Xi+i/ X,) {l<i<N) and do := {k-k-^q-^Xi/XN). 
We have 

Sw — dj-^ (sj-^dj^) ■ ■ ■ (sjj • • ■ Sj^_-^dj^)w 
in C(r)#W^. By, e.g., Macdonald [Ml (2.2.9)], we know that 

(2.7) dw '■= dj^ {sjidj^) ■ ■ ■ (sji • • • Sj^_-^dj^) 

is independent of the reduced expression of w. Hence Sw £ C(T)#VF is well defined. 

(ii) Note that Si can be written as 

(2.8) = (1 - X,+i/X,)iT, -k) + k~ k-^X,+i/X, 

for 1 < i < N , which shows that it lies in H. Furthermore, n^^ G H, hence 5^"'^ G H 
and So = ttSn-itt-^ e H. Consequently, G H C C{T)#W. 

(iii) is immediate from (i), while (iv) and (v) are clear from the definition of the Si 
and S-^. □ 

Definition 2.10. The elements Sw (w GW) are called the affine intertwiners of 
H. 

3. The bispectral quantum KZ equations 

3.1. Construction of the cocycle. Let l denote the nontrivial element of the 
two group Z2. We define the group W as the semidirect product 

W := Z2 K (W^ X W), 

where t G Z2 acts onW xW hy switching the components: i{w,w') = {w\w)l for 
w, w' G W . We first use the double affine Hecke algebra, its affine intertwiners, and 
its duality anti-isomorphism to construct a group homomorphism r = : W — > 
GLc(i?J) depending on the Hecke algebra parameter k, where K := A^(T x T) is 
the field of meromorphic functions on T x T. 
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The representation t will be constructed from the complex linear endomorphisms 
'5(w,w') {w, w' e W) and of the double afHne Hecke algebra H, defined by 

a,{h) = h* 

for ft, € H. In the following lemma we collect some elementary properties of the 
maps cr(m^tt,') and a^. First we introduce some auxiliary notations. 

For a regular function g S C[T], we write g{x) e C[r x T] (respectively giy) G 
C[r X T\) for the corresponding regular function on T x T constant with respect 
to the second (respectively first) T-component. In particular, the Xi (respectively 
Ui) are the standard coordinate functions of the first (respectively second) copy of 
T in T X T. RecaU the regular function e C[T] {w G W) such that 

Sw = dw{X)w 

inC(r)#W^; see (l27| . 

Lemma 3.1. The complex linear endomorphisms ^[w,w') o-i^-d o^t of M satisfy the 
following properties: 

(i) the 5(si,e) (i G ^n) satisfy the Ajv_i braid relations; 
(ii) '^fsi,e) = tis, (a;)(sjdsj(a;) • id for i e Zjv; 

(iv) = id and 5(e,to) = o'LO'(w,e)0'i, for w G W ; and 

(v) 5(u,,e)5(e,^') =CT(i„,u,') = '^(e,w')^{w,e) forw,w' G VF. 

Proof. These are direct consequences of Proposition [2]9] and Theorem 12.81 □ 

To construct a W-action from the maps tT(,^, and CTt, we need to renormalize 
the maps appropriately. To do so, we describe as a first step the behavior of the 
maps cr(u,,u,') and with respect to the L-module structure ()2.6p on H. This will 
allow us to extend the maps and to endomorphisms of ~ K (g>L H, 

which is a suitably flexible surrounding for the normalizations of the maps to take 
place in. 

Consider the group involution ^ : W ^ W defined by = w for w G 5jv and 
A* = -A for A G Z^. Then W acts on T x T by 

{w,w'){t,j) = {wt,w"^j), 

iit,j) = ij-\t-') 

for w,w' G W, where t^^ :— {t^^, . . . ,tj/') G T and the action of on T is by 
q-dilations and permutations; see (|2.3p . By transposition, this defines an action of 
W on IK = 7W(T X T) by field automorphisms, 

(3.1) (w/)(t,7) = /(w-i(t,7)), wgW. 

Note that L = C[T x T] is a W-subalgebra of K. 

Lemma 3.2. For ft, G H and f Eh we have 

^iw,w'){f ■ h) = {{W,w')f) (ft), 

;?,(/• ft) = (./)• a, (ft) 

for w, w' G W. 
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Proof. From PropositionEDwc know that Swp{X) = {wp){X)Sni in H for p e C[T] 
and w eW. For p G C[T] let p^ e C[r] be defined by p'^(i) = p{t-^), then we also 
have 

p{Y)S*^, = {S^,pO{X)r = {{w'pO){X)S^,r = S*^,{w'pO)0{Y) 
m H. Hence for p,r eC[T], 

a(^^,,,,){p{X)hr{Y)) = (u;p)(X)5„/i^;,Kr^)*(y). 

The first formula of (|3.2I) now follows since (w'r^)^ = w'^r. The second is imme- 
diate from the definition of the duality anti-involution. □ 

As a direct consequence of Lemma 13.21 the maps cr(„,.^') {w,w' £ W) and ct,, 
uniquely extend to complex linear endomorphisms of ~ K ®l H such that p.2p 
is valid for all / G K and h € H^. We keep the same notations CT(to.M)') and ct,, for 
these maps. Note that the properties of and as described in Lemma [3TT] 

also hold true as identities between endomorphisms of H^. 

Theorem 3.3. There is a unique group homomorphism 
satisfying 

, . T{w,w'){f) = d^{xr'dl,{y)-^ ■ 

r(0(/) =?,,(/) 

for w,w' G W and f G H^. It satisfies T{w){g ■ f) — wg ■ r(w)(/) for g e K, 
f eH^ andwe W. 

Proof. The last statement is clear. 

The action r of x {e} arises naturally from left multiplication by normalized 
affine intertwiners on a suitable localization of the double affine Hecke algebra (see 
Cherednik pi §1.3]). In the present set-up, one observes that Lemma 13.21 and 
Lemma |3 . 1 f i)- (ii) imply that the T{si,e) {i G Zjv) satisfy the A^^i braid relations 
and the quadratic relations T(si, e)^ = idji^K. Since furthermore t^tt, e) is a complex 
linear automorphism of with inverse r(7r~^,e), and r(7r, e)r(si, e)T(7r^^, e) = 
T(si+i,e) for i G Z^r by Lemma 13.21 and Lemma I3.ir iii). we conclude that the 
formulas p.3p for the maps T{si,e) (i G Zat) and T(7r, e) uniquely extend to a 
group homomorphism t : W x {e} — ?> GLc{H^). It follows from Proposition 12.91 
and its proof that the resulting group homomorphism satisfies 

t{w, e)f d.u,{xy^ ■ a(^^^)f 

ioT w (zW . This is in accordance with formula p.3p . 

Combining Lemma IS.lT iv) with Lemma l3.2l we can relate the complex endomor- 
phism r(e, w) (see p.3p ') of H"^ to t{'w, e) by the formula 

(3.4) r(e,w;) T(/,)r(u),e)r(i), w e W, 

where t{l) is given by the second formula of p.3p . Since t{l)'^ — — id^j-K we 
conclude that W B w i-^ T{e,w) (see p.3p ) defines a left VF-action on H^. 
By Lemma 13.11 and Lemma 13.21 (v) we have 

t{w, e)T(e, w') = t{w, w') — T(e, w')t{w, e) 
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for all w,w' e W. Thus t:WxW^ GLc(i??), defined by the first formula 
of (j3.3p . is a group homomorphism. Combined with p.4p and t{l)'^ — id^K we 
conclude that r p.3p indeed defines a complex linear action of W on H^. □ 

For w £ W and / € = K (g) Hq we write w/ for the action of w on the 
K-coefRcients of / in its expansion along a basis of Hq. In other words, viewing 
f(t, 7) as i?o-valued meromorphic function in (i, j) £ T x T, the action is given by 
(w/)(i,7) — /(w~-^(i, 7)). Consider GLy^{H^) as a W-group by the corresponding 
conjugation action 

(3.5) {w,A)^wAw-\ w eW, AeGLKiH^) 

by group automorphisms. We have the following direct consequence of the previous 
theorem. 

Corollary 3.4. The map w H> Cw := r(w)w^^ is a cocycle o/W with values in 
the W-group GL^{H^). In other words, Cw G GLts£{H^) and 

Cww' — CwWCw'W 

for all w, w' e W. 

For more details on non-abelian group cohomology, see, e.g., the appendix in 
[43]. 

Remark 3.5. Interpreting A G EndK(i?J) as End(-ffo)-valued meromorphic function 
A(t,7) in {t,j) eT xT, the action ([331) becomes {wA){t,j) = A{w-'^{t,j)). In 
particular, wAw^^ — A for all w G W if ^ S EndK(ff(f ) is the K-linear extension 
of a complex linear endomorphism of Hq. This is, for instance, the case for the 
cocycle value (see Subsection 14. 2|) . 

Remark 3.6. One may replace in this subsection K by the field C(r x T) of rational 
functions on TxT. Consequently, the cocycle value Cw{t, 7) for w G W is a rational 
End(i/o)-valued function in {t,-f) <eT xT. We presented the results with respect 
to IK = A1(T X T) since this is the natural setting for the applications of the cocycle 
C in the analytic theory of the quantum KZ equations (to which we come at a later 
stage). 

3.2. Bispectral quantum KZ equations. In this subsection, we use the cocycle 
Cw G GLK(^f(f ) (w G W) to define a holonomic system of g-difference equations on 
the space of ifo- valued meromorphic functions on T x T. 

The constructions thus far have led to a C-linear action r of W on i/^. In terms 
of the cocycle Cw (w G W), it is given by 

(3.6) (T(w)/)(i,7) = Cw(t,7)/(w-^(i,7)) 

for w G W and / G , where (|3.6p should be read as identities between i/o-valued 
meromorphic functions in (i,7) G T x T. It follows that f € Hf is riZ^ x Z^)- 
invariant if and only if 

(3.7) C(;,,^)(t,7)/(g-^t,g'^7) = /(t,7) VA,mGZ^, 
viewed as identities between _ffo-valued meromorphic functions on T x T. 

Definition 3.7. We call the q-dijference equations (j3.7p the bispectral quantum KZ 
(BqKZ) equations. We write SOL for the set of functions f G satisfying the 
BqKZ equations p.7p . 
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Let F C IK denote the subfield consisting of / G K satisfying (A,/i)/ = / for all 
A, /i e Z^. Let furthermore Sat denote the subgroup Z2 k [Sn x Sn) of W. 

Corollary 3.8. (i) The BqKZ equations (j3.7p form a holonomic system of q- 
difference equations. In other words, the connection matrices C^^x.fi) (^j M ^ ) 
satisfy the compatibility conditions 

(3.8) C(x^,) {t, 7)C(,,^) {q-h, q^j) = {t, j)C(x^^) {q'^t, q^) 

for A, /i, J^, ^ e Z^, as Find{Ho) -valued meromorphic functions in {t, 7) G T x T. 
(ii) The solution space SOL of BqKZ is a T{S]\f)-invariant ¥-subspace of H^. 

Proof, (i) The cocycle condition implies that both sides of p.Sp are equal to 
C(A+i/,/x+4)(^,7)- 

(ii) Clearly, SOL is a F-subspace of Hq"-. Note, furthermore, that x is 
a normal subgroup of W with quotient group isomorphic to Sjv- Hence the F- 
subspace SOL of t(Z^ x Z^)-invariant elements in the T(W)-module is t{Sn)- 
invariant. □ 



4. The explicit form of the bispectral quantum KZ equations 

In this section we derive explicit expressions for the cocycle values Cw (w e W) 
and, in particular, for the g-connection matrices Ci^\^^) (A, ji G Z^) of the BqKZ. It 
will become apparent that the C(A.e)(-, C) (A e Z^) with C G T fixed coincide with 
the g-connection matrices of Cherednik's quantum affine KZ equation associated 
to the principal series module of H{k) with central character C,. They also turn up 
as gauged g-connection matrices for a Frenkel-Reshetikhin |20) type quantum KZ 
equation associated to the quantum affine algebra Wfc(s/jv) • 

4.1. Formal principal series. View the commutative subalgebra Cy[T] of H 
as left Cy[r]-module by left muhiphcation. Let M = Ind^y [t] (Cr[T]) be the 
corresponding induced left if-module. With respect to the C[T] ~ C[{1} x T]- 
module structure 

on M we have M ~ £r^[^i>^^l ^ C[{1} x T] ® i/o as C[{1} x T]-modules. The left 
_ff-action on AI is C[{1} x T]-linear, hence we obtain an algebra homomorphism 

77:i?^Endc[{i}xT](i?o^"'^''^'). 

We occasionally view r]{h) as End(-ffo)-valued regular function in 7 e T, in which 
case we write it as T 9 7 1— ;> ri{h){'-f). Extending the ground ring C[{1} x T] to 
K = A4{T X T) we obtain an algebra homomorphism 

H ^ EndK(iJo^), 

which we shall also denote by 77. From this viewpoint, ri{h){-j) is the regular 
End(i?o)-valued function in (^,7) € T xT which is constant in t. Note that ri{h) 
for h G Ho is constant as End(iJo)-valued function onT x T (see Remark iB.Sp . 

Lemma 4.1. For w G Sn and \ < i < N we have 

Ul) v(T)T ^1^''^ if e{.s,w) ^ £{w) + 1, 

^ ' ' ^ \{k~k-^)T^+T,.^ if i{.s,w) ^ £{w) - I, 
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and 

(4.2) r]{TT){j)T^ = j^-^N)Taw 
as regular HQ-valued functions in ^ E T. 

Proof. The first formula follows directly from the definitions. For the second for- 
mula it suffices to verify that ttT^ = T^wYw-^{N) in H. 

If w = 1 then TT = T^Yn since a = siS2 ■ ■ ■ sjv-i is a reduced expression. If 
w = sjv-i then 

Next, we prove that ttT^ — T'cr^y^-i(jv) in iJ if w 7^ 1 and £{siw) — £{w) + 1 
for all 1 < i < — 2. Then w = sn^isn-2 ■ ■ ■ Sj for some 1 < j < N (and this 
is a reduced expression of w). We find, making repetitive use of the cross relation 
TrYr+iTr ^ Yr {I < r < N) in H, 

ttTiu = TrT]y^iTN-2 ■ ■ - Tj — Ti ■ ■ ■ Ti^^2Yn-iTn-2 ■ ■ - Tj 

= Ti • • • Tn^^Yn^2Tn-3 ■ ■ - Tj 

= Ti ■ ■■Tj^iYj = Ts^...s^_^Yj 

— T^awYj — T(j^Y^ — l(^]\f'j^ 

which is the desired relation in H. 

The general case is now proved by induction on £(10). Let w ^ 1 and decompose 
it as w = SiU with 1 < i < N and u G 5jv such that £(siu) — £{u) + 1. Suppose that 
ttT^ = TCT„Ftj-i(jv) in H. In order to prove that ttT^ — T'o-„,yu,-i(jv) we may, in view 
of the previous paragraph, assume without loss of generality that 1 < z < A'' — 2. 
Then Si{N) = N and £{si+i(ju) — £{au) + 1. (The latter equality is equivalent to 
((7m)~^(z + 1) < ((Tu)~^(j + 2), which follows from M~-'^(j) < M~^(i + 1), which again 
is equivalent to the assumption £{siu) — £{u) + 1.) Then 

ttTu, — uTiTu — Tij^inTu — Tij^iTcruYu-i i^ff) 

in H, which completes the proof. □ 

In view of the explicit expression (12. 8p for the intertwincr Si E M {1 < i < N) 
and the definition of the duality anti- involution, we have £ H for all w G Sn- 
We now set 

77(5;_OTe e weSN. 
Note that e //C[{i}xt] ^ ^ ^ 

view ^u, as regular i/o-valued 
function in 7 G T, as well as meromorphic _ffo-valued function in (i, 7) G T x T 
constant in i G T. 

Lemma 4.2. {^ui}u;eSjv ^■s o K-6asis of consisting of common eigenf unctions 
for the rj-action o/Cy[r] on H^. For p G C[T] and w G Sn we have 

(4.3) r;(p(r))(7)e.,(7) = {w-'p){j)Ul) 
as HQ-valued regular functions in"f eT. 
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Proof^ For p e C[T] we have r]{p{Y)){j)Te = p{'-f)Te. Note, furthermore, that 
= S^_,{w-^p){Y) in H hi p e C[T] and w e 5*^; see the proof of 
Lemnia [3.2l Combining the two observations gives (|4.3p . It fohows from Proposition 
I2.9f iv)-(v) that the {w G Sn) are nonzero in H^. The eigenvalue equations (|4.3p 
then show that the (tu G Sat) are K-Unearly independent in H^. □ 

4.2. The cocycle values. We define 

R,{z) = Ck{z)-\7^{Ti)~k) + l, l<i<N, 

viewed as a rational End(_ffo)-valued function in z. The results of the previous 
subsection implies that the Ri{z) satisfy the following Yang-Baxter type equations 
(see Cherednik [9l §1.3.2]). 

Lemma 4.3. We have 

C,^s,,e){t,j) ^ R,{k/k+i), l<i<N, 

as rational liiTid{HQ) -valued functions in {t,j) d T x T. In particular, the Ri{z) 
satisfy 

i?,(z)i?,(z-i) = id, 
Rj{z)Rj+i{zz')Rj{z') = Rj+i{z')Rj{zz')Rj+i{z), 
for I < i < N and I < j < N — 1 as F,iid(Ho) -valued rational functions. 

Proof. For I < i < N and h G Hq we have, as i7o-valued meromorphic functions in 

(<,7)eTxT, 

C(s,,e){t,7)h = (T{si,e)h){t,j) 

= ds,{t)-^(S,h){t,j) 

^ Ck{t,/t,+i)-\7j{T,) - k)h + h, 

in view of the explicit expression (|2.8p for Si, Ck ()2.5p and dg^ (see the proof of 
Lemma [2?9|) . For the second statement of the lemma, note that the cocycle property 
of C implies for 1 < i < iV and 1 < j < - 1 that 

C(s,,e)(i,7)C(s.,e)(sii,7) = id, 

C(s, ,e) {t, 7)C(s, + i ,e) (Sjt, 7)C(s^ ,e) (Sj+lSjt, 7) 

= C(s, + ue) {t, 7)C(s, ,e) {Sj + lt, 'y)C(^s, + ue) (SjSj+lt, 7) , 

as rational End(i?o)-valued functions in (^,7) € T x T. Using C(^si,e){t,7) — 
Ri{ti/ti+i) these formulas imply (14. 4p . □ 

Observe that Ct is the K-lincar extension of the anti-algebra involution of Hq 
mapping to T^-i for all w G Sn- Note furthermore that 

(4.5) Cf^.e) =77(7^)- 

Together with the exphcit description of C(s.,e) {1 < i < N) from the previous 
lemma, these formulas determine the values Cw (w G W) uniquely (cf. Corollary 
13. 4p . In particular, the cocycle property of C implies that 



C(e,«,)(i,7) = aC(^,e)(7"\i"')C„ weW, 
as End(i/o)-valued rational functions in (i,7) xT. 



DAHA AND BISPECTRAL QUANTUM KZ EQUATIONS 



15 



Lemma 4.4. Let w e W. 

(i) C(^,e) e (C(T) ® C[r]) (g) End(i?o). 

(ii) T/ie C[T] (8)End(i7o)-i'a^werf rational function t C(^.e)(<, •) intCzTis regular 
attGT\S, where 

(4.6) 5 = {t G T I e /c"2g^ foj. gQjj^g aeR}. 

Proof. By the cocycle condition, Cj^^^ ,,) {t, 7) can be written as a product of factors 
C{si,e){ut,j) {1 <i < N, u eW) and 77(7r='=^)(7). By Lemma [iTTl and the fact that 
Ri{z) has a single pole at z = fc~^, we conclude (i) and (ii). □ 

4.3. The g-connection matrices. Besides the standard Z-basis {£i}fLi of Z^, 
we also have the Z-basis {TUi}^i consisting of the fundamental weights rui :~ 
Tfj=i^j G^^- Note that 

(4.7) ro, = 7rV~* 

in W for all 1 < i < iV. In the following lemma, we compute the (/-connection 
matrices C'(A,e) for A G of BqKZ explicitly in case A is one of these two types of 
basis elements of Z^ . 

Lemma 4.5. (i) For 1 < j < N we have 

C(.,,e)(i,7) = Rj-i{tj-i/tj)Rj-2{tj-2/tj) ■ --Riiti/t,) 

X 'q{n){j)RN-i{qtN/tj) ■ ■ ■ Rj+i{qtj+2/tj)R.j{qtj+i/tj) 

as rational liiiid{Ho) -valued functions in (i,7) xT. 

(ii) For \ < i < N we have 

C(^^.e){tn) = {v{^){l))\RN-^{qtN|tl)■■■R2{qt^+2/tl)Rl{qt,+ ^/t^)) 

X ••• X {RN-2{qtN lU-i) ■ ■ ■ Ri{qti+2/U^i)Ri~i[qU+i/ti-i)) 
X (RN-iiqtN/U) ■ ■ ■ Ri+i{qU+2/U)Rt{qti+i/t.i)) 

as rational 'EjTiA{H a) -valued functions in (i,7) gT xT. 

(iii) We have 

C(„„,e)(t,7)-7"'"id 
as rational 'EjnA[H a) -valued functions in (i,7) gT xT. 

Proof, (i) By the cocycle property of C and by the expression (|2.2p for S W , 
we obtain an explicit expression for C'((:^. in terms of the C(si,e) (1 ^ * < -^) a-nd 
C(7r,e)- Combining (|4.5p and the previous lemma then gives the desired expression 

for C(c,.e){tn)- 

(ii) (7* is the permutation 

I I 2 ••• 7V-i iV-i + 1 iV-i + 2 ■•• N\ 
\i + l i + 2 ■■■ N 1 2 ■■■ i )' 

so we find a reduced expression 

(4.8) cr* = (Sj • • • SN-l){Si-l ■ ■ ■ SjV-2) • • • (S2 • • • SAr_i+i)(si • • • SM^i)- 

Combined with (14. 7p we get a reduced expression for rui. Using the cocycle condi- 
tion for Cw repeatedly, we get the desired result. 

(iii) Since = 1, we get C(ro„,e)(ij7) = i which maps to 7^"T^ 
for all ui G S'tv in view of Lemma |4?T1 □ 
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We end this subsection by computing the asymptotic leading terms of the q- 
connection matrices C(A.e)(^,7) (A G Z^) as — > (1 < « < N), where we take 
at :— ei — ei+i (1 < « < N) as a base of the root system R — {ei — ej}i<i=/,j<N 
of type j4jv-i- Let i?+ — {ei — ej}i<i<j<7v denote the associated set of positive 
roots and Q+ = '^>oOii the corresponding cone in the root lattice Q of R. 

Let furthermore S :— {N — 1, iV — 3, . . . , 1 — N) G and write wq G S'at for the 
longest Weyl group element (mapping i to iV — i + 1 for 1 < i < N). 

Consider the subring A := C[a;-"i , . . . , x"""-!] of C[rx {1}] ^ C[xf\ x^^] C 
C[T X T]. We write Q{A) for its quotient field and Qo{A) for the subring of 
Q{A) consisting of rational functions which are analytic at the point x~°'' ~ 
{I <i < N). We consider Qo{A) C[r] as a subring of C{T x T) in the natural 
way. The first part of the following corollary is a refinement of Lemma I4.4( i) in 
case w G Z^. 

Corollary 4.6. Let X e . We have 

(4.9) C(A,e) G iQo{A) ® C[T]) ® End(i/o)). 

Writing 

eft) - C^(A,e)L-.,=o,...,.-«-i=o e C[r] ® End(i/o), 
we /laiJe C^^'e) ~ ^^''''^^^(21oo^'"''*-'^''2^u7o'^), where (•, •) is f/ie standard scalar product 

Proof. To prove (|4.9p it suffices, in view of the cocyle property of C, to verify (|4.9p 
for A = Ci. The statement then follows from Lemma f4.5r i'). Lemma [4.11 and the 
explicit expression of Ri{z). 

Observe that limz_j.o -Ri(z) — kri{T^^) for 1 < i < A^. Combined with Lemma 
I4.5r i) and the explicit expression for Yj (see (|2.4p ) we obtain for 1 < j < N, 

C(.,,e)(t,7)^A:2^-^-N(i^,)(7) 
as |P* I ^ for aU 1 < i < iV, hence 

as |P' I -> for aU 1 < j < iV. To derive the asymptotics of C^x.e) {t, 7) as | -> 
for 1 < i < we use the cocycle property to write 

C(\,e){t,l) = C'(«;o,e)(i,7)C(«;o(A).e)(w'ot,7)C(u;o,e)(9"'"''^^''woi,7)- 

Note that C(^„^e)(i,7) ^ k'^^'""'^ ri{T-^) if ^ for alll < i < iV. Hence 

as desired. □ 

4.4. Relation to quantum KZ equations. Fix ( G T and let xc : xT] C 

denote the corresponding evaluation character Xcif) — /(C)- Recall the for- 
mal principal series rj : H ^ Endc[{]^|xT] (-^)- The corresponding complex H- 
representation M{C,) = C ^^^^ M of dimension A^! is the principal series module of 
H with central character C. We identify M(C) with as a complex vector space, 
and push the 77- action on M{C,) through the linear isomorphism to 77q. We denote 
the corresponding representation map by 

ilC-H ^ End(i/o)- 
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As in Subsection 14 . 1 1 we have as identities in iJo, 

(T)T. ^ l^"'"" if £{s^w) = £{w) + I, 

" \(fc-fc-i)T,„+T,,^ if £{s,w) = £{w) - 1, 

ioi 1 < i < N and w G Sn, 
for w e S'at, as well as 

for w G S'at, where ^tu(C) £ ^^o is the regular ifp-valued function ^wil) in 7 £ 
T specialized at 7 = C- Extending the base field to M{T) we get an algebra 
homomorphism H End7vi(T) (i?o^'^'), which is also denoted by t?^. 

In this subsection we consider the BqKZ for specialized values of 7. In view of 
Lemma im i) we may specialize C(^.e)(t,7) {w S W) at j = (. We write 

for the resulting specialized cocycle values, viewed as End(-ffo)-valued rational func- 
tions in t 6 T. For C, €T the map W ^ w ^ defines a cocycle of W with values 

V('T\ 

in the VF-group GLc(t)(^^o )• other words, 

cL>{t)^Ci{t)Ci,{w-h), w,w' &w, 

as rational i?o-valued functions in t G T. Comparing the cocycle values (A G Z^) 
to the ones in [H §1.3] we obtain the following result. 

Corollary 4.7. Fix C G T. The holonomic system of q- difference equations 

(4.10) Ci{t)f{q-H) - /(t), VA G 

for f G H^^"^^ is Cherednik's quantum affine KZ equation associated to the prin- 
cipal H-module M{C,) with central character 

Let SOL^ C H^''^'' denote the set of solutions of the quantum KZ equations 
(j4.10p . Write £{T) C A4{T) for the subfield of meromorphic functions / satisfying 
f{q^t) — f{t) for all A G as meromorphic functions in t G T. The set SOL,; 
of solutions is a f (r)-subspace of H^^'^K Furthermore, SOL,^ is invariant for the 
^AT-action 

(4.11) i<^Hfm Ci{t)fiw-H), weSN 

on H^''^^ (note that <; does not depend on C since C£(t) = C(tu^e)(^i C) is indepen- 
dent of C for ui G Sn)- 

Remark 4.8. The quantum KZ equations (I4.10p are gauge equivalent to Frenkel and 
Reshetikhin's [3D] quantum KZ equations associated with the iV-fold tensor product 
representation C^(ti)(g)- • •®C^(iAr) of the quantum affine algebra Wfc(sZjv), where 
(ti) is the evaluation representation of the vector representation ofUk{slN) 
(see [11 §1.3.2] and [H] for the details). 
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In view of Corollarv 14 . 71 the BqKZ equations (|3.7p are a holonomic extension of 
the quantum KZ equations (|4.10|) by g-difference equations in the central character 
C of These may be thought of as analogs of isomonodromy transforma- 

tions; in fact, in view of Lemma 14.21 and Corollarv 14.61 the g-difference equations 
in C (which are essentially the quantum KZ equations again!) are reminiscent of 
Schlesinger transformations. This should be compared with the quantum isomon- 
odromic interpretation of (rational) KZ equations as quantizations of Schlesinger 
equations, see [55] and [35]. 

From a different perspective we may think of the cocycle values C(e^) {w S W) 
as shift operators, in the sense that they map solutions of quantum KZ equations 
to solutions of quantum KZ equations with respect to shifted central characters. To 
formulate the precise result, we view in the following proposition 7 »H> C(^e,w)i'il) 
as C[r] (X) End(i/o)-valued rational function in 7 G T. 

Proposition 4.9. Let w E W and € T such that 7 n- C(e_u,)(-,7) is regular at 
J — C- Then f C(e,u))(';C)/ defines an Siq-equivariant linear map SOL^,o-i^ — > 

SOL^;. 

Proof. By the cocycle property we have for / G SOL^o-i^ and A e Z^, 
Ci{t){Ci^,^^){q-HX)f{q-^t)) = C^x,^){tX)f{q-^t) 

Hence C(e ,„,)(•, 0/ € SOL^. The S'^r-equi variance of the map is again a consequence 
of the cocycle property of Cw (w e W); indeed, for v e Sn and / S SOL^,«-i^ we 
have 

which is the desired result. □ 

From the quantum group perspective (see Remark 148]) , Proposition l4.9l resembles 
the action of the dynamical Weyl group on solutions of quantum KZ equations from 
[18] . We expect that the second half of the BqKZ is closely related to the Varchenko- 
Etingof dynamical difference equations [18, §9]; see also [19], [47], [44], [46], [45] 
and [29] for detailed studies of various degenerate cases. An interesting aspect, e.g., 
in [47] and [46], is the observation that KZ equations are dual to the associated 
dynamical equations using (gtrifl's) duality (our set-up relates to r = s = N). In 
the present theory this duality is incorporated by the cocycle value C\, which relates 
the g-connection matrices C'(A,e) (^ S Z^) of the quantum KZ equation to the dual 
g-conncction matrices C'(e.A) by conjugation, 

C(e,A)(t,7)=aC(A^e)(7~\t~')C^. 

as End(_ffo)-valued meromorphic functions in (^,7) G T x T. In turn, is a direct 
reflection of (the existence of) Cherednik's duality anti-isomorphism of the double 
affine Hecke algebra (see Theorem 12. Sp . 
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5. Solutions of the bispectral quantum KZ equations 

In this section we use asymptotic analysis to construct a t-invariant solution 
of BqKZ, which we call the basic asymptotically free solution. It depends in a 
mild way on an auxiliary parameter k 6 (in fact, F$k is independent of n). 
The orbit of <i?K under the action of {e} x Sn C Sn turns out to be an F-basis of 
SOL consisting of asymptotically free solutions. Along the way we derive various 
additional properties of $k- 

5.1. The leading term. Let 6 G M{T) denote the renormalized Jacobi theta 
function 

(5.1) 0{z) l[{l-rz){l-r+'/z) 

m>0 

for z G C^. It satisfies 

(5.2) 6'(g™z) ^ (-z)-'"g-5™(™-i)6»(^)^ rneZ. 
For K e we define W„ e IK by 

By Corollary 14. 6[ the formal asymptotic form of the quantum KZ equations 
in the asymptotic region \t"^ \ ^ {1 < i < N) is 

(5.4) k'^'''^v{Twoy^"^'''T^,l)h)f{q-'trf)^f{t,j), AeZ^. 

Lemma 5.1. G K. enjoys the following properties. 
(i) fi°\t,j) W^{t,-f)T^„ IS a solution of 
(ii) l{W^) = and T{i)jl^^ = fi°\ 

Proof, (i) Since ri{T^oY'"°^^^T~^)il)T^o = 7'"°^^^T^o for all A G Z^, it suffices to 
show that 

W^{q-h,j) = k-'^''^^j-^"^^^W^{t,j), X e Z^, 

which follows from (15. 2p . 

(ii) Clearly t(I^„) = W^, i.e. W^{j-\t-^) - W^{t,j). Since a,{T^„) = it 
follows that T(0/i°^ = fi°^. □ 

Observe that, more generally, G K satisfies the q-difference equations 

5.2. The basic asymptotically free solution $k- We now gauge BqKZ by IV^ G 
IK. Concretely, for A, ^ G Z^ we write 

^(A,M)(i,7) = W^{t,^r^C(x,t.){t,l)W^{q-H,q^'^) 

as End(iJo)-valued meromorphic functions in (i,7) G T x T. It is independent of 
K in view of dES]). For f e we have / G SOL if and only if g := W'^f G 
satisfies the holonomic system of (/-difference equations 

(5.6) D^^^^)it,^)giq-\q'^j)^g{t,j), A, ^ G Z^ 

as i/o-valued rational functions in {t, eT xT. 
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The existence of a solution e of ()5.6p admitting a convergent i/o-valued 
power series expansion 

(5.7) *(<,7)= ^o.,pt-''l^, Ko,o^Tw, 

a,l3eQ+ 

in the asymptotic region 3> and |7~"'| ^> (1 < i < N) is guaranteed by 
the following properties of the gauged g-connection matrices D(^x,ti)- 

Consider the subring B := C[?;"S . . . ,2/""-^] of C[{1} x T] = C[y^\ . . .,y^^]. 
Write Q{B) for its quotient field and Qo{B) for the subring of Q[B) consisting of 
rational functions which are analytic at the point = (1 < j < N). We consider 
Qo{A) ® B and A ® Qo{B) as subrings of C(T x T) in the natural way. 

Lemma 5.2. Set Ai ~ D(^^.^e) o.nd Bi = I?(e,roi) for 1 < i < N. 
(i) An = Bn ^ id on H^. 

(ii) A, G (Qo(^) (E)B)(gi End(iJo) a?irf e (yl (g) Qo{B)) ® End(iJo)- 
(iii) ylf G End(ffo) a?irf '°' e End(i/o) /or t/ie mZ«e of A, and B, at 
a;""'' = = y"" ('I < r, s < j. For w ^ Sn we have 



(5.8) 



(5.9) 




if w~^wo{uJi) = wo{uJi) 

if w{mi) ^ -TOj, 
if witUi) = vji. 



Proof, (i) We only give the proof of = id. Since tum — in W , we have 
^^(f,7) = T^«(t,7)"'C(^„.e)(i,7)W^«(9"^"t,7) = 7""'"(?7(^)(7))'^ = id 

where we use (|5.5p and (|4.5p for the second equality, and Lemma [4.11 and = e 
for the third equality. 

(ii) Note that 

^,(<,7) = fc-<''^*>7"'"''^"'^C(^.,.)(t,7) 
by (|5.5p . Since = ttV^* the cocycle property of C gives 

A,(<,7) = fc-<^'-'>7--o(--)(r;(7r)(7))^C(.-.,,)(^-^t,7). 

It follows from the exphcit expressions for the cocycle values Cf^. g) (1 < z < iV) 
that the End(i?o)-valued rational function C(cr-i,e)(7i'~'i, 7) in xT lies in 

Qo{A) ® End(i7o) (in particular, it is independent of 7). Furthermore, for w G Sn 

by Lemma l4.ll hence the End(77o)-valued regular function 7~'"''(^*^ (?7(7r)(7))' 
in 7 G T hes in B ® End(i7o). Consequently, A^ G {Qo{A) ® B) ® End(i7o)- 
The statement for Bj follows from this using the cocycle property C(e,ro )(^i7) — 

ac^^^,e)h~\t-^)a. 

(iii) Recall that = ri(S^_i)Te with the intertwincrs of HI (see Proposition 
By induction on £(w), using the explicit expression (|2.8p of the intertwiners 



DAHA AND BISPECTRAL QUANTUM KZ EQUATIONS 



21 



Si, it follows that S,w ^ B ® Hq and that the value of S^w at y"' = (1 < i < A^) is 
T^^Hq. Set 

By Corollary gj] and (|53t . 
Lemma 14.21 then gives 

(5.10) Af^(ry(T^je„) = y'"""'°("')-"'°(^')?7(r»o)e-, Vz« e 

as identities in B ® Hq. Specializing (|5.10p at y"^ = (1 < j < A^) yields 
To prove (|5.9p we consider 



Bf' = ^ila"i=o,...,y°«-i=o e ^® End(iJo)- 
It is the rational End(i?o)-valued function 

in t G T. Denoting ^ A ® Hq for the rational _ffo-valued function S^wit^^) in 
i e T, it follows that 

(5.11) (a?7(r„o)e») =x-"'"'"''(-^)+""'(-^)a7;(T^J6. 

for ah w G Sn- The value of C,r]{T^„)^^ at a;""' = (1 < i < A^) is C,(T„oT^). 
In addition, Ct restricts to the anti-algebra involution on Hq mapping to T^-i 
for u; G Sn, hence 

Formula ()5.9p then follows from specializing (|5.1ip at a;""* = (1 < i < N) and 
replacing it; by wqw~^wo in the resulting formula. □ 

For e > 0, put B,:^{teT\ < e, Vi} and {t G T | G BJ. 

Theorem 5.3. There exists a unique solution ^ G of the gauged equations 
(|5.6p satisfying, for some e > 0, 

(i) ^(^,7) admits an HQ-valued power series expansion 

(5.12) «'(i,7)- (i^c/se-ffo) 

/or (i,7) G B""'^ X which is normally convergent on compacta of B~^ x B^. In 
particular, '^(t,^) is analytic at {t,j) G x B^; 

(ii) Kofl^T^,. 

Proof. It follows from the previous lemma that the commuting endomorphisms 
. _ ,.. ^ „_ I ., „ _ 

for which _ffo[(a5fe)] 7^ 0. By the previous lemma, (1^~^, 1''^"^) G S and we have 
Bq{{\^-^,\^-^)\ = spanc{T^J. Furthermore, ^ for all {a,b) G S 

and i. Under these conditions, the holonomic system of q-difference equations (|5.6p 
admits a unique solution "i! satisfying the desired properties; see Theorem [82] in the 
appendix (to show that the gauged BqKZ falls in the class of holonomic systems of 



^(0,0)^^^(0,0) ^ < - J ^ ^) g^^g semisimple. For a, 6 G C^'^ set 

Bo[(a,fo)] = {veHa\ Af'°K = a,;w and B^'^^ = 6jw (1 < i,j < N)}, 
so that Ho = 0(a6)es-^o[(a,6)] with 5 the finite set of (a, 6) G C^^^ x C^^^ 
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g-difference equations to which Theorem 18 . 61 apphes . one should take M ~ 2{N — 1), 
qi = q for I < i < N and variables Zi = a;""' and zn-i+j = y"^ for I < i, j < N in 
the appendix). □ 

Remark 5.4. In a small neighborhood of a fixed (t',7') €T x T, the meromorphic 
solution of l|5.6p can be expressed in terms of the power series expansion (|5.12p 
by the formula 

= ^(A,M)(t,7) E ^a,/3(g-'t)~"(g^7)^ 

where A, ^ € are such that {q~H', 9^7') G -67^ x _Bg. 

Definition 5.5. FFe caZ/ := M^k^' G SOL f/ie &aszc asymptotically free solution 
of BqKZ. 

Note that $k G F^<i>K/ for k, k' e . The K-fiexibility will come in handy when 
we consider specializations of In the following subsections, we derive various 
properties of the basic asymptotically free solution 

5.3. Duality. 

Theorem 5.6. The basic asymptotically free solution (f>„ of BqKZ is self-dual, in 
the sense that 

Proof. SOL is §Ar-invariant, hence t{l,)^i^ G SOL. In addition, 

because l{Wi^) — W^- Hence T(t)^ is a solution of the gauged equations (|5.6p 
having a convergent i/o-valued power series expansion 

for (i,7) G B^^ X Since (if 0,0) = C^{Twq) = we conclude from Theorem 
Othat r(i)* = ^f, hence T(t)$„ = $„. □ 

5.4. Singularities. Define 

N-l 

A = {A G I Ai > A2 > • • • > Aat} = Z>on7, ® Ztoa,, 

i.e., A consists of the A G such that (A, a) G Z>o for all a G R+. Set 

5+ := {t G T I r G A:"^?"'^ for some a G 

Write ^'(i,7) = EaGQ+ ra(7)t"" for (i,7) G x B^, where Fa is the iio-valued 
analytic function on B^ defined by the iJo-valued power series 

r„(7) := 

/3eQ+ 



DAHA AND BISPECTRAL QUANTUM KZ EQUATIONS 



23 



Lemma 5.7. The Ta (a G Q+) extend uniquely to a meromorphic Ho-valued 
function on T, analytic at T \ S+, such that ^'(^,7) admits an Ho-valued power 
series expansion 

aeQ+ 

for (^,7) e B^^ X T\iS+ , converging normally on compacta of B^^ x T\S^. 
Proof. Using Lemma 15.21 we write for /i G A, 

with G Qo{B) ® End(i?o) for all /3 G Q^. Note that = for all but finitely 
many /3 G 

We first show that -^^(7) is regular at 7 G T \ 5+. By ()5.5p and by the cocycle 
property, ^^(7) is regular at 7 = C if G C[T] (X)End(-ffo) is regular 

at 7 = ^ for all 1 < j < iV and G A. The latter statement follows from the fact 
that Ri{z) has only a (simple) pole at z — fc^^ and from the explicit expression 

(5.13) 

C{e,^^){t,j) = C,{7]{n){t-'^)y {Rjv^jiqji/jN) ■ ■ ■ R2{qiillj+2)Ri{qiihj+i)) 
X • • • X {RN-2{qi]-i/lN) ■ ■ ■ Rj{qij-i/-ij+2)R]-i{qio-illj+i)) 
X {RN^i{qij/lN) ■ ■ ■ Rj+iiq-fj/-fj+2)Rjiqij/lj+i))C„ 

which follows from Lemma I4.5f ii) and the cocycle property of C. 

Let U C T\S+ be a relatively compact open subset. Choose /i G A such that the 
closure of g^[/ is contained in B^, where q'^U :— {9^7 | 7 G C/}. As meromorphic 
-ffo-valued function in (t,7) G B~^ x U, we have 

«'(t,7) -i?(e,^)(t,7)^'(t,(?^7) 

= E ^0^(7)(r„(g^7))i— ^ 

= E ( E F^{^){r^^,{q'^j)))t-, 

with the sums converging normally on compacta of B^^ x U (note that the sums 
over /3 are finite). It follows that Fq (a G Q+) has a unique iJo-valued meromorphic 
extension to T which, on U, is given by 

(5.14) r„(7)= E F^;{j){r^^0{q^j)), 

P€Q+:a-l3eQ + 

such that on B^^ x J7 admits the power series expansion 

M/(t,7)= E ra(7)i~", 

which converges normally on compacta of B^^ x U. It follows from (|5.14p and the 
previous paragraph that Fq, is analytic on T \ 5+ . □ 

The arguments from the proof of Lemma 15.71 applied to both torus variables of 
^"(^,7) at the same time, directly lead to the following result. 
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Proposition 5.8. The Ho-valued meromorphic function '^(t, 7) is analytic at {t, 7) e 
r\5+i xT\S+. 

For specialized spectral parameter, we obtain the following result. 

Proposition 5.9. Let ( eT\S+. 

(i) The Ho-valued meromorphic function 7) in (i, 7) G T xT can be specialized 
at J = (, giving rise to a meromorphic Ho-valued function C) int GT. It has 
the power series expansion 

aeQ+ 

fort e B~^, normally converging on compacta of . 

(ii) 4'(t,C) satisfies the gauged q- difference equations 

(5.15) Z?(,^e)(i,C)*(9"'i,C) = *(i,C), VA e Z^. 

Proof, (i) Restricting to t G B^^ for e > small enough, the statement is correct by 
Lemma [?771 If t' e T is arbitrary then there exists a A € A such that q^^'^t' G B^^. 
For i e T in a small neighborhood of t' we then have 

*(<,7) = i?(A,e)(<,7)*('Z"^t,7)- 

Since D{\.e) G (Qo(-4) ®B)® End(i/o) by Lemma[5?2fii) the statement now follows 
in a small open neighborhood of t' . 

(ii) Speciahzing the gauged g-difference equations D(^x^^){t,"f)'^{q^^t,"f) = 'I'(t, 7) 
(A G Z^) to 7 = C yields the desired result. □ 

5.5. Evaluation formula. We write (z;g)^ = nm=o(-'^ ~ q^z) for the g-shifted 
factorial. Recall the power series expansion \I/(t, 7) = ^aeQ+ -^0(7)^^" for 3> 
(1 < i < N) from Subsection 15.41 We call the following result the evaluation for- 
mula for the basic asymptotically free solution $k = M^k^ of BqKZ, since it implies 
the celebrated evaluation formula for the Macdonald polynomials (see Subsection 
El. 



Theorem 5.10. We have 

Toil) = K{i)T^, 
with K G AA{T) explicitly given by 

(5.16) K{i):^ n 



Proof. We use the notations of Lemma 15.21 Recall that ^ satisfies the gauged 
q-difference equations 

A,(t,7)*(q--'t,7) = *(t,7) 
for 1 < i < A^. In view of the proof of Lemma l5.2l and Lemma 15.71 it reduces in the 
limit \t-°'' \ ^ (1 < i < TV) to 

^-»o(-.)^(r^^y-o(-.)r-^i)(^)ro(^) = ro(7) 

for 1 < i < A^, as _ffo-valued meromorphic functions in 7 G T. This forces ro(7) = 
K{l)ri{T^„)S,e{i) = K{i)T^„ for some K G M[T)- see Lemm a [U 

It remains to show that K is explicitly given by (|5.16p . Write ^(7) for the 
right hand side of (|5.16p . Then L G M{T) is characterized by the following three 
properties: 



DAHA AND BISPECTRAL QUANTUM KZ EQUATIONS 



25 



(i) for some e > we have a power series expansion 

aeQ+ 

for 7 G -Be, converging normally on compacta of B^] 
(ii) Iq — 1; and 

(iii) ^(7) satisfies the g-difference equations 

l<r<j 
j+l<s<N 

It thus suffices to show that if (7) satisfies the three properties (i)-(iii). It is clear 
that K e A4{T) satisfies (i); see Subsection 15.41 Theorem [531 ii) implies (ii) for K. 
What remains is the verification of the g-difference equations (iii) for K. Using the 
notations of Lemma 15. 2[ we write 



Bf :=S,L-ci^o,.....-°«-i=o e Qo{B)<E>End{Ho). 

We view Bj^\j) as an End(iJo)-valued meromorphic function in 7 G T. Taking 
the limit \t~°'' \ — > (1 < i < N) in the gauged q-difference equations 

Bj{t,j)^{t,q^^j) = ^{t,j), 1<J<N 

and using ro(7) = K{'^)T^g we obtain 

K{q^^j)Bf{j)T,,„^K{^)T^, 

for 1 < j < A^, as meromorphic iJo-valued functions in 7 G T. Writing sj"-* (7)TiuQ — 
StoGSjv ^w{l)'^w with G M.{T) it thus suffices to show that 

(5-17) <(7)- n ii^k^L ^ n ^^i<iirhs)-^ 

l<r<j l<r<j 
j + l<s<N j+l<s<N 

for 1 < j < N , where the second equality follows from a direct computation using 
the explicit expression (|2.5[) of Ck- 
By (|5.5p we have 

i?,(t,7) = fc-<'^^^->r»^-^)qe,^^)(i,7) 

and C(e,i:c,^.)(t,7) is given explicitly by (|5.13l) . Since i?i(z) = Ck{z)~^{ri{Ti) - k) + 1, 
Lemma 14.11 and the reduced expression (|4.8p for cr* imply that 

i?,(t,7)r^o-fc-<^^-^>r«(-^)a(r;(7r)(f-i))-'( ^ ^^(7)^^-0) 
with < the Bruhat order on and with 

l<r<j 
j + l<s<N 

By Lemma |4. II we have 
Hence 
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with the sum running over w £ Sn satisfying w < a ^ and w{zuj) = woiTUj). In 
particular, a{^g{'-f) = fc~^'^''^^^6^_j (7). This completes the proof of (|5.17p . □ 

5.6. Consistency of the bispectral quantum KZ equations. In this subsec- 
tion, we show that BqKZ is a consistent system of g-difference equations, i.e., 
dimr(SOL) = dimc(i?o), by explicitly constructing an F-basis of SOL. Since the 
5-connection matrices C(A.^)(t,7) (A,/i G Z^) depend rationally on {t,j) eT x T, 
the consistency of BqKZ follows also from the abstract arguments in [131 §5]- 
We start with a preliminary lemma on the cocycle values C(e,io) for w G Sn- 

Lemma 5.11. Let w £ Sn- We have C(^e.w} G Qo{l3) (X) End(i/o) and 

Glll^ih)^k-'(''^hT^-., he Ho, 

where 

^{e]w) = C'(e,u))li;°i=0,...,y°«-i=0 £ End(i/o). 

Proof. Let w = Si-^Si^ ■ ■ ■ Si^ be a reduced expression for w G Sn (1 < ij < N) and 
write /3j := s^^ • ■ ■ Si-_-^{ai ) G i?+ for 1 < j < r, where /3i should be read as a^^. 
By Subsection 14.21 and the cocycle property, we have 

C(e,^) {t, 7) = aC(.,,e) t-^)a, = a (7^-- )■■■R^. il^' )R^, il^' )) "'C,, • 

From the expression for Ri{z) it now follows that C(e_uj) G Qo{^) Cg)End(i/o)- Since 
\\mz^Q Ri{z) ~ krj{Tj^^) we furthermore have 

The map is the K-linear extension of the anti-algebra involution of mapping 
to T^-i. Hence cf^^^{h) = fc-^("')/iT^-i for h e Hq- □ 

Define U G End(i/o)'^ K ® End(i7o) by 

(5.18) C/(fc-^("')T^„r^-i) = r(e, !«)$„, ii- G 

Since SOL is §Ar-invariant, U is an End(iJo)-valued solution of the BqKZ, i.e. 

as End(i/o)-valued meromorphic functions in (i,7) eT xT. 
Lemma 5.12. U G End(i/o)*^ is invertible- 

Proof- Using the natural identification End{Ho)^ ~ EndK(H^) as K-algebras, we 
need to verify that U G GLk{H^). 

Set $u, := T{e,w)^K and '^w ■= r(e, w)^' for w G S'at, so that $u,(i,7) = 
Ty«(t,'u;-i7)«'^(t,7). Since C^e.w){t,l) is independent of t G T, we simply write it 
as C(e,u,)(7). Recall the M^-invariant subset S CT (see (|4.6p ). which contains S+. 
By Lemma 14.41 and Lemma 15.71 we have for some e > the power series expansion 

^»(i,7)= E C'(e,»)(7)(ro(«;-S))i-" 

aeQ+ 

for (t, 7) G X T\S, converging normally on compacta of B^^ x T\S. We write 
1^0(7) ■— C(^e.w){'l){^ai'w~^j)) in the remainder of the proof. It is a meromorphic 
function in 7 G T, analytic on T\S, and the power series expansion of becomes 

(5.19) *^(i,7)= E C(7)i-". 
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Observe that 

in the hmit 7"' — > (1 < « < N), in view of the previous lemma. 

Write U — VE with V, S the K-hnear endomorphisms of given by 

for w e Sn- Since S e GLk{H^) it suffices to show that V G GLK(-ffif). Let M 
be the matrix of V with respect to the K-basis k-^'^'^^Tyj^^T^-i {w £ S'w) of H^. 
Now fix C e r \ 5 such that (" ^ for aU a £ R. The matrix M(i,7) may be 
speciahzed at 7 = C ^^^d the limit of M(i, C) as (1 < i < A^) exists. We 

write M'-'^-'(C) for the limit and V^^\(^) for the corresponding linear endomorphism 
of Ho- We then have 

y(o)(C)(A:'^(-)r„„T^-0 = r-(c) = if (^«-ic)C(e,^)(C)T™o, 

with ii'(7) given by (jgH)) . Note that i4:(w-iC) 7^ since C" ^ 9^ for all a £ i?. 
By the explicit expression for the cocycle value C(e.u,)(C) G End(_ffo) (see the proof 
of the previous lemma) we have 

v<w 

with a^(C) 7^ and with < the Bruhat order on Sn- This implies that V^^\C) is a 
linear automorphism of iJo, hence det(M(°)(C)) ^ 0. Consequently, det(M) G 
and V e GLK(i?o^). □ 

Proposition 5.13. (i) U' G End(iJo)''^ is an End{Ho) -valued meromorphic solu- 
tion of BqKZ if and only if U' = UF for some F G End(iJo)*'. 

(ii) U , viewed as M.-linear endomorphism of H^, restricts to an ¥-linear isomor- 
phism U -.H^ ^ SOL. 

(iii) {T{e,w)^K.}weSN an¥-basis o/SOL. 

Proof, (i) If U' is an End(_ffo)-valued meromorphic solution of BqKZ then, since U 
is invertible, we have for all A, /i G Z^, 

U{q-h,q''^)-'U'{q-h,q'^j) = U{t,j)-'U'{t,j). 

Hence U' = UF with F G End(i7o)'^- The converse implication is clear. 

(ii) By the previous lemma we have U : Hq ^ SOL. It is surjective, since for 
g G SOL, / [/-^.g G satisfies fiq-H, 9^7) = f{t, 7) for aU A, /i G (cf. the 
proof of (i)), hence / G H^. 

(iii) This is clear from (ii) and from the definition of U. □ 

By Proposition 15.91 and by the proofs of Lemma 15.121 and Proposition 15.131 we 
obtain the following consistency statement for the quantum KZ equation (|4.10[) 
with specialized central character (see [7] and [9]). Recall the VK-invariant subset 
S CT given by (|4.6p . Recall furthermore that C(e_u,)(t, 7) for w G Sn only depends 
on 7, so we simply write it as C^e.w)il)- 

Corollary 5.14. Fix G T \ 5 such that C" ^ q^ for all a € R. For generic 
K G C^, the Ho-valued meromorphic functions (T(e, lu)^^) (t, 7) in {t,j) xT 
(w <E Sn) can be specialized at j = giving rise to 
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(i) a basis {C(^e,w){C)^K{-,w ^C)}™eSjv 0/ SOL^; over £{T); 
(ii) an invertible ETid{Ho) -valued meromorphic solution U( of the quantum KZ 
equations (|4.10p . where Uq G End(i7o)'^''"^'' is explicitly defined by 

Uc{k-'^^^T^,T^-i) := C(e,„)(C)$«(-,w;-iC), w G Sn- 

6. The correspondence with bispectral problems 

For a finite dimensional affine Hecke algebra module M, Cherednik [71 Thm. 
4.2] derived, for arbitrary root systems, a correspondence between solutions of the 
quantum affine KZ equations associated to M and solutions of a system of (possibly 
matrix-valued) g-difference equations. This correspondence was considered before 
in [6l Thm. 3.4] for a special class of modules M, in which case the corresponding 
g-difference operators contain the Macdonald (/-difference operator (the latter ob- 
servation is due to Cherednik [6l Thm. 4.4] for GL^v, and due to Kato [26l Thm. 
4.6] and Cherednik [7] for general root systems). In the classical setting {q = 1) it 
goes back to Matsuo [55] . 

In the present GLjv setting, with M = M((^) the minimal principal series module 
with specialized central character C G T, these constructions give rise to an explicit 
map x+ (independent of <;^) from the solution space SOL,^ of the quantum KZ 
equation (14.101) to the solution space of the spectral problem for the commuting 
Ruijsenaars' [39; trigonometric g-difference operators with spectral parameter 
see [BJ Thm. 4.4] (for GLjv the Macdonald g-difference operators coincide with the 
Ruijsenaars' operators). We recall this result in detail in Subsection 16.41 

In this section we investigate the map x+ when applied to solutions of the bis- 
pectral extension of the quantum KZ equations; see Subsection 13.21 In order to 
do so, we need to replace in the correspondence as described in the previous para- 
graph, the role of M{(^) by the infinite dimensional, formal principal series module 
of H as defined in Subsection 14.11 We then show that the same map x+ gives rise 
to an embedding of the solution space SOL of BqKZ into the solution space of a 
bispectral problem for the Ruijsenaars operators. The techniques employed in this 
section are analogous to the ones for the usual correspondence (see [H Chpt. 1]). 
For the convenience of the reader we provide full details of the arguments involved. 

We fix K G throughout Subsections 16 . HlBTHl 

6.1. The monodromy cocycle. Observe that F G End(iJo)''^ is a End(ffo)- 
valued meromorphic solution of BqKZ if and only if 

t(w)F = F, w G X Z^, 

where the W-action t on End(i/o)^ is defined by 

(r(w)F)(i,7) Cw(t, 7)(wF)(i, 7) = C^{t,^)F{w-' {t,-f)) 

for w G W and F G End(i?o)*^, viewed as identities between End(i?o)-valued mero- 
morphic functions in (i, 7) G T x T. 

By Proposition I5.13r i). given an End(_ffo)-valued meromorphic solution F of 
BqKZ, there exists a unique G G End{HoY such that F = UG. Accordingly, 
G describes the deviation of F from the fundamental solution U of BqKZ, and 
therefore can be thought of as a connection matrix. We will consider the special 
cases when F are the End(77o)-valued meromorphic solutions t(w)U (w G W) of 
BqKZ. 
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For w e W we set 

[/-i(r(w)[/) e End(ffof , 
that is, 7w (w e W) is the unique element of End(iJo)*' such that 

r(w)[/ = [/?;,. 

Note that End(iJo)'^ is a W-stable subalgebra of End(i/o)''^ with respect to the 
action (wF)(i,7) = F(w~^(i,7)). The foUowing lemma now shows that the 7w 
(w e W) define a cocycle of W with values in the group of units of End(iJo)'^- 

Lemma 6.1. (i) = id /or w e x Z^. 

(ii) For w, w' e W we have the cocycle relation 

in End(iJo)'^. 

Proof, (i) This follows immediately from the fact that U is an End(i?o)-valued 
meromorphic solution of BqKZ. 

(ii) Note that Tw = U~^C^w{U) for w £ W. By the cocycle condition for £ 
End(-ffo)''^5 which reads in the present notations as Cww' = Cww(Cw' ) for w, w' G W, 
we have 

%,^, = C/-iCww'Ww'(C/) = C/"Vww(Cw'w'(C/)) 

= c/"^Cww([/)w([/-iCw'w'(c/)) = rww(rw') 

for aU w, w' e W. □ 

Definition 6.2. In analogy with the terminology in 9, §1.3.3] for the quantum KZ 
equation, we call {Tw}wew the monodromy cocycle of the BqKZ. 

Remark 6.3. Connection matrices and Riemann-Hilbert problems for ordinary lin- 
ear g-difference equations have been extensively studied; see, e.g., and [41]. For 
quantum KZ equations, connection matrices have been computed explicitly in, e.g., 
[20], m §12], and [27]. 

6.2. Tiie correspondence. Consider the algebra C(T x T)^W, where W acts as 
field automorphisms on C(T x T) by the formula RecaU that C(T x T)#W 

naturally acts on K. We write Df for the action oi D e C(T x T)#W on / € K. 
We have a representation i9 : C(r x r)#W End(End(i/o)'^) given by 
{>{f)F^fF, feCiTxT), 
^{w)F = w(F), w e W 

for F e End(i7o)'^. Let D be the subalgebra C(T x T)#(Z^ x Z^) of C(T x r)#W. 
Under the natural action of C(T x r)#W on C(r x T), the subalgebra D identifies 
with the algebra of ^-difference operators on T x T with rational coefficients. 

Set Hq := Hom(_ffo,C). We will regard a linear functional x G -^^o also as an 
element of HomK(i?J, K) by K-linear extension. For F G End(i/o)''^, denote 

for its matrix coefficients. Note that for any D G C(T x T)#W, x G i?o and v e Hq, 
(6.1) = <Pt[^^^ 

for aU F G End(i7o)"^. 
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Lemma 6.4. For w G W we have 

In particular, d{w)U = C-^U for w e x . 
Proof. For w £ W 

d{w)U = w{U) = C-\t{w)U) = C^^U%. 
The second claim follows from the fact that 7w = id for w e x Z^ . □ 

We now are going to look for a particular linear functional x such that the matrix 
coefficients {v £ Hq) of U solves a bispectral problem with respect to two 
commuting families of Ruijsenaars' trigonometric g-difference operators (one family 
acting on the first torus component, the second on the second torus component). In 
view of (jS.ip and the previous lemma, to obtain g-difference equations for (f>^^y we 
have to deal with the cocycle value Cw and the monodromy matrix Tw in the 
equations w(/)^^ = It is convenient to postpone the analysis of the 

monodromy cocycle by initially absorbing it into the action 'd of C(r x T)^W 
via the twisted algebra homomorphism 

^r- C{T X T)#W ^ End(End(i7o)^), 

defined by 

^T{f)F = fF, /ec(rxr), 
i^rMF = w{F)X;\ weW 

for F € End(ffo)^- Note that -dj- is indeed an algebra homomorphism, thanks to 
the cocycle condition for T- Moreover, ■d-rlv: = i}\o- 

For D E C{T X T)^W we will occasionally use the notations 

(6.2) D = ^ d^w = ^ DvV, 

wGW vSSiv 

where G C{T x T) (w G W) and = Z]uez"xz« '^"vU G D (v G Sat). Reformu- 
lating (|6.ip and Lemma 16.41 in terms of the twisted action lij- yields the following 
result. 

Lemma 6.5. (i) For w eW we have 
(ii) For D G C(T x T)#W we have 

vGSjv 

for all X € Hq and v G Hq . 

Proof, (i) This is clear from Lemma [6^ and the definition of dj-. 
(ii) By Lemma [6.41 and (|6.ip . we obtain 

The result now follows from (i). □ 
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We define the restriction map Res: C(T x T)#W -J- B to be the C(T x r)-linear 
map 

Res{D) := ^ D^, D e D. 

veSjv 

Lemma I6.4r ii) impHes that if we have a linear functional x+ £ such that 
X+(C^^U) = x+{U) for all v G Sn, then the corresponding matrix cocfhcicnts 
(t>x+.v i"" £ ^o) satisfy 

(6.3) Res(i?)(</)^^,J = 0^-(„^)^ 
for aU D e C(T x T)#W. 

Lemma 6.6. Define x+ e ^^o X+{Tw) = fc^^""^ for all w e Sn- Then 

X+{C-'F) = x+{F) 
for F e End(i7o)*^ and v G Stv- 

Proof. Since C^{Ty^) — T^-i for w G S'at we have x+ ° — x+- By the cocycle 
condition for Cw (w G §n) it remains to prove that x+ °C'(si,e) = X+ 1 < « < -/V- 
But this follows from the expression C(s.^e) {t, 7) = Ck{ti/ti+i)^^{ri{Ti) — fc) + 1 (see 
Lemma |473|) since 

(6.4) x+m-k)h)=Q 

for 1 < i < TV and h G Hq. □ 

If £) G C(r x r)#W satisfies dr{D)U = XU for some A G K, then it follows 
from (|6.3p that the matrix coefficients (j)^^ v ("^ ^ -^0) are eigenfunctions of Res(Z?) 
with eigenvalue A. We will now construct such a commuting family of I?'s. It leads 
to the interpretation of the ipx+.v {n G Flo) as solutions of a bispectral problem. 

The appropriate elements D ^ C{T x T)#W are obtained as images of elements 
from the center Z{H) of the affine Hecke algebra H under the faithful algebra 
homomorphism p from Theorem 12.41 Since we aim at a bispectral version, we will 
interpret p as algebra map p : H ^ C{T x T)^'W in two different ways. We have, 
on the one hand, the algebra homomorphism 

pU^,-H{k-')^C{TxT)4fW, 

which is the map Pk-^,q from Theorem 12.41 interpreted as algebra homomorphism 
from H{k-^) to the subalgebra C(T x {1})#{W x {e}) of C(T x r)#W. On the 
other hand, we have an algebra homomorphism 

pI ^_, : H(k) ^ C(r X T)#W, 

defined as the map Pk,q-^ from Theorem l2.4l interpreted as algebra homomorphism 
from H{k) to the subalgebra C({1} x r)#({e} x W) of C(T x r)#W. Note that 
they can be combined into an algebra homomorphism 

pU,q X pL- ■ ® ^ ^ 

Definition 6.7. (i) For h G H{k-^), define 

Dl ■■= Pl-^Jh) G C(r X T)#W. 
(ii) For h G Hik), define 
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Remark 6.8. Let ° : H{k ^) — !> H{k) be the algebra isomorphism defined by 7r° = tt 
and T° = T^i for 1 < i < N. Then 

(6.5) Dl, ^ iDli, \/h e H{k-^). 
This follows by verifying the identity 

for the algebraic generators tt and Ti (1 < i < N) oi H{k~^) using Theorem 12.41 

Recall the formal principal series representation, encoded by the algebra homo- 
morphism rj: H{k) End(i?o)^ (see Subsection 14. ip . 

Proposition 6.9. (i) For h e H{k^^) we have 

(6.6) ^r{Dl)U = r,{h^)U, 

where f: H(k^^) — >■ H{k) is the unique anti-algebra isomorphism satisfying 

forl<i<N. 

(ii) For h G H{k) tue have 

(6.7) §r{Dl)U = C,i{j^{h^))C,U, 

where J: H{k) — > F[{k) is the unique anti-algebra involution satisfying 

t} = r„ TT* = 

forl<i<N (note that j = t o °;. 

Proof, (i) We first show that it suffices to prove (|6.6p for algebraic generators of 
H{k~^). Indeed, if (16.61) is valid for /i, h' G H{k~^), then we have 

MDl,,,)U = ^r(^JJ^r(^^')C/ = ^?r(^D'7(/i't)t^ 
= 7y(//t)^r(^Dt^ = vih'^Mh^W 

where the third equality follows since [d'r{Dfi),ri{h''^)] = as cndomorphisms of 
EndK(-ff^) (here r?(/i'''') should be viewed as element in End(End(i?o)''^) by left 
multiplication). Indeed, since r]{h'^){t,^) does not depend on the torus parameter 
t G T, it commutes with i^riD^) e i?r(C(r x {1})#(W^ x {e})) (which involves, 
besides the action oiWx {e}, only right multiplication by the monodromy cocycle). 

So it remains to verify (|6J)) for /i = tt G H{k~'^) and for h = Ti G H{k-^) 
(1 <i < N). For /i = TT G H{k~^) we have 

where the last equality follows from (|4.5I) . For h = Ti G H{k^^) [1 < i < N), we 
have 

'driD^jU = (fc-i -Cfc(a;^+i/a;0)?7 + cfc(x,+i/x0z9r((s^,e))[/ 
= ^7(7^/)^/, 

where we used that c^-i (z^^) = Cfc(z) in the first equality, while the second equality 
follows from Lemma l6.5f i) and the third equality from Lemma 14.31 
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(ii) Unfortunately it is not possible to derive (ii) directly from (i) and from (|6.5p . 
Instead, one has to repeat the steps of the proof of (i). It again amounts to verifying 
dnm) for /i = TT e H{k) and for h = e H{k) {1 < i < N). We show the second 
case, the first case is left to the reader. 

Let 1 < i < TV. Then we have for e H{k), 

^riD^T^U ^{k- Cfe(t/,/y,+i))[/ + Cfe(2/,/y,+i)i9r((e, s,))C/ 

= (/c - Ck{yi/yi+i))U + Ck{yi/yi+i)C^J^^^^U. 

Since 

C(e,Si) = C't''(C(s.,e))C'<. 

by the cocycle condition (recall Remark [3.5p and since Cf = id and C(s. e) {t, 7)^^ — 
C(s._e)(sii, 7), Lemma 14.31 implies that 

C(-^,.) = CkiyJy^+l)-\CAv{T^))C, -k) + l. 
Substituting in (g^ gives dr{D^T,)U = C ,i{ri{T}))C ,U , as desired. □ 

The following lemma plays an important role in the bispectral version of the 
correspondence. Recall that the center Z{H) of the affine Hecke algebra H is given 
by Cy[T]^'' (Bernstein, see |30]). 

Lemma 6.10. For p e C[r]'^" we have 

p{Y)^ ^p{Y-^), p{Yf=p{Y-^). 

Proof. By ((2^ it immediately follows that = F-"^ for 1 < i < N. This implies 
the first formula. 

For the second formula, it suffices to show that 

(6-9) Y^ ~ ^wo-^JV-i+l-^iiio 

in H{k) ioT I <i < N, since we then have, for p e C[r]'^", 

p{Y)^ = T^oP(>V'> • • • > Yf')T;^' = T^,P{Y-^)T-^ = p{Y-'), 
where the last equality follows from the fact that p{Y^^) G Z{H{k)). To prove 
(HH), note that T^„Tr^ = T^U^w,,, and Y,+i = Tr^Y.Tr^ by for 1 < i < TV. 

Hence (16.91) holds for F^+i if it is true for Yi. It thus remains to prove (|6.9p for i ~ 1. 
We will use the following observation. Write ai = SjSi+i • • • s^^i {I < i < N) and 
Ti = Sj ■ ■ ■ SAr_2 (1 < J < TV — 1), which are reduced expressions in Sn- Then the 
longest Weyl group element wq G Sn can be written as 

Wo = crjV-lO'Af-2 • • • CTl 

(6.10) 

and £(wo) is the sum of the lengths of the factors in the respective products in 
(|6T0)) . 

By (|2^ . formula for i ^ 1 will be vahd if 



(6.11) T^.TT-' ^T^.TT-'T^.T-^' 

in H{k). By the first expression in (|6.10p and the fact that 7r~^T!i+i7r = Ti for 
1 < i < - 1, we have in H{k), 

-~\rr\ rri — 1 — 1 — It^" — 1 rri—1 rri — Irji — 1 rji—1 — 1 
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SO that (|6.1ip will follow from 

rji rri rp — It^" — 1 'T^ — 1 

J^ai — -'-wo-'-Ti -'-T2 '■'^1-jv-2 

in H{k). But this is a direct consequence of the second expression of wq in (|6.10p . 

□ 

Corollary 6.11. For p e C[Tf", we have p{Y)° = p{Y), where ° : H{k-^) 
H{k) is the algebra isomorphism defined in Remark 1 6. 8[ 

Proof. This follows from the previous lemma and the fact that | = | o ° . □ 
Definition 6.12. (i) Define 

where p{Y) is the corresponding element in Cy[r]'^" — Z{H{k^^)) . 
(ii) Define 

Ly:=Res{Dl^y^)eB, pGC[T]^", 
where p{Y) is the corresponding element in Z{H{k)). 
By Corollary 16.111 and (|6.5p we have 

Ll^iLli, VpeC[T]'5". 

N 



Furthermore, it is well-known (see ^2] and [34]) that the e C{T x {1})#(Z^' x 
{e}) C B are pairwise commuting and Sn x S'jv-invariant, 

wLpW^^ = Lp, e Sn X Sn- 

Similarly, the — iLpL e C({1} x T)#({e} x Z^) C D are pairwise commuting 
and Sn x fi-Ar-invariant. Clearly also = for aU p,p' e C[r]^" in D. 

For the elementary symmetric functions g C[r]'^" (1 < « < N) given by 

/c{i,...,N} je/ 

the corresponding ig. , viewed as elements in 

C(T)#,Z^ ~ C(r X {1})#(Z^ X {e}) c B, 
are explicitly given by 

/ 



3.12) Ll^ 

/C{1, ..-,«} 



n \ T.'r^ C(r)#,Z^, 1 < z < TV; 



■e/ ' " / re/ 



see, e.g., [9l §1.3.5] and [28]. Hence, the Lf. {I < i < N) are, under their nat- 
ural interpretation as g-difference operators on A4{T), Ruijsenaars' commuting, 
trigonometric g-difference operators from |39j . 

Definition 6.13. Consider the bispectral problem 

{L;f){t, 7) = p{^-')f{t, 7), Vp e C[Tf- , 

{Lyf)it,j)^p{t)f{t,j), vpec[r]' 

for / G K, where the equations (|6.13p are viewed as identities between meromorphic 
functions in (^,7) G T x T. We write BiSP C K for the set of solutions / G IK 0/ 
(|6J3| . 



(6.13) „ 
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Remark 6.14. The bispectral problem for ordinary linear differential operators was 
introduced by Duistermaat and Griinbaum in [12) . Many different types of bis- 
pectral problems have since been considered. In particular, in |21| the bispectral 
problem for ordinary linear second-order g-difference operators is investigated. For 
N — 2, our bispectral problem belongs to this class. 

The preceding remarks on the invariance properties of the Lp and the {p G 
C[r]-Sjv) directly give 

Lemma 6.15. BiSP is an -invariant ¥-subspace o/K with respect to the usual 
SN-action {wf)(t,j) = f(w~^{t,j)) on / G K. 

We can now prove the following bispectral version of the correspondence between 
solutions of the quantum KZ equations and the spectral problem of the {p S 

c[r]^«). 

Theorem 6.16. The linear functional x+ G (^^^ Lemma \6.6\) defines a Sat- 
equivariant ¥-linear map 

X+ ■■ SOL ^ BiSP. 

Proof. The K- linear extended linear functional x+ defines an Sjv-equivariant, F- 
linear map x+ ■ — > K, since Lemma implies that x_|_(r(w)/) — w{x+f) 
for w S Sat and / G H^. Hence x+ restricts to an Sjv-equivariant, F- linear map 
X+ ■■ SOL ^ K. 

It remains to show that x+if) ^ BiSP if / G SOL. Let / G SOL. By Proposition 
15.131 and F-linearity, it suffices only to consider / of the form f = Uv ioi v € Hq. 
Then x+i.f) = X+iUv) = For p G C[T]^" we have 

(ipC,^ (t,7) = (Res(i?^V))(C^)) = 4l^y'''''^''it,i) 

^r^(p(p')^it,^)=p{^~'^^^Jt,j) 

as meromorphic functions in (i, 7) G T x T, where the last equality follows from 
Lemma [6101 ([L3]) and the fact p G C[r]'5". Similarly, 

(t,7) = (Res(i?^(^))(0^^,j) (t,7) = "'"'^''(t,7) 

= '^^;'.i''(^(^)*»^'^(^,7)=pWC..(t,7) 
as meromorphic functions in {t, 7) G T x T, hence / = (f>^^ ^ G BiSP. □ 
6.3. Bispectral Harish-Chandra series. 

Definition 6.17. We call := x+i^n) £ BiSP the basic Harish-Chandra series 
solution of the bispectral problem. 

Corollary 6.18. The solution G BiSP of the bispectral problem is selfdual, i.e., 

as meromorphic functions in {t,j) gT xT. 
Proof. By Theorem 15.61 we have 

But x+Ci. = x+> hence the result. □ 
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Remark 6.19. In [17], for special values of k, the function $+ is constructed as 
formal power series in terms of generalized characters of Verma modules over the 
quantum group Uq{5lN) (see also |15j . |16|V The quantum group approach also 
leads to the self-duality of $+; see [13 Thm. 5.6] (see [I6]). 

Note that = iy„*+ with *+ = x+(1'). For a £ Q+ set 

ri(7)-x+(ra(7)) 

as meromorphic function in 7 G T. By Lemma 15.71 and Theorem lS.lOl Fj^ is analytic 
at T \ 5+ and 

r+(7) = ki")K{j) 

with K given by ()5.16p . Recall that the solution space BiSP of the bispectral 
problem is SAf-stable. In particular, we have solutions £ BiSP given by 

(6.14) $+(t,7) :=<f+(i,«;-i7). 

These are solutions of the bispectral problem which are asymptotically free in the 
asymptotic sector {t € T| ^ VI < i < N} in the following sense: by 
Lemma [Owe have $^(^,7) = W^{t,w~'^-f)^+{t,-f) with ^'^(^,7) := *+(t,w~^7) 
admitting, for e > sufficiently small, the power series expansion 

(6.15) Kit,i)= E rj(z«-i7)t-" 

aeQ+ 

for (i,7) e B^^ X T\w{S+), converging normally in compacta of B^^ x T\w{S+). 

Proposition 6.20. The set of asymptotic solutions {^iltueSjv BiSP of the 
bispectral problem is ¥-linearly independent. 

Proof. Suppose that 

a»(i,7)*i(i,7) = 

as meromorphic functions in (^,7) G T xT with coefficients Ow £ ¥ (w £ Sn). 
Replacing t by q^''^^t (m e N) and using ()5.5p we obtain 

(6.16) fc"™^'^'^7"~''^a^«(i,7)W^«(i,w^''7)*i(9^"'i,7) = 

wGSn 

as meromorphic functions in (^,7) £ T xT. Fix u £ Sn- We are going to derive 
from ()6.16p that = 0. For this we will use the fact that for w ^ m, 

(6.17) lim (^M>^^o{S)-wwo{S)) ^ jjj^ (y^gy-l^)m(5-»o«-^«'™o(5)) ^ Q 

if C e uwo{Bi). 

Recall the T^-invariant subset S C T (see (|4.6p ). which contains S+. For generic 
C £T (concretely, Q ^ S, and au;(t, 7) and VF„(t, z«~^7) specializable at 7 = C for 
all w £ Sn), it follows from Proposition 15.91 and ()6.16p that, for all m £N, 

(6.18) Y r^'™"^'^"'""'°^'^^a«.(t,C)M^K(i,^i'"'C)*+(g"'"'i,C) = 

as meromorphic function in t £ T. Using (|6.17p and the power series expansion 
(|6.15p . the limit m — )■ 00 of (|6.18p yields, for generic ^ € uwo{Bi), 

as meromorphic function in t G T. This implies a„ = 0, as desired. □ 
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Corollary 6.21. The map x+ ■ SOL — > BiSP is injective. 

Proof. Note that x+{t{^^^)^k) — ("^ ^ Sn)- The statement foUows now 
directly from Proposition 16.201 and Proposition l5.13l □ 

6.4. Specialized central character and Harish-Chandra series. We write 

SPc = {/ e M{T) I l;/ = p{C')f Vp e C[Tf-} 

for the spectral problem of the Ruijsenaars g-difference operators with fixed spectral 
parameter ( G T. Note that SP^ C iJ^'"^'' is S'Ar-stable, with S'^r-action on i?^'-^'' 
given by = f{w-H) for / e H^'^^^ and w £ 5jv. 

By [131 Prop. 5.2], the quantum KZ equations (|4.10p are consistent for all values 
C 6 T of the central character. The arguments from Subsection 16.21 applied to 
the quantum KZ equations (|4.10p for fixed ( and with the role of U taken over by 
an invertible matrix solution Uq oi (|4.10l) . result in the following special case of 
the Cherednik-Matsuo correspondence from [6l [7] (concretely, in the notations of 
0, take the principal series module V — M{() in [71 Thm. 4.2] and let r be the 
projection from M{(), along the direct sum decomposition of M{() in iJo-isotypical 
components, onto the trivial component). 

Proposition 6.22. Let C e T. Then x+ defines an £{T)-linear SN-equivariant 
map x+ '■ SOL^ SP,^. 

For a further analysis of the map x+ ■ SOL^; SP^;, we refer to [7] and [51 
§1-3.4]. 

Harish-Chandra type series solutions of the spectral problem of the Ruijsenaars 
g-difference operators [p e C[r]'^") with fixed spectral parameter C, ^ T were 
studied in, e.g., [TF and [2?i (see also :31, for arbitrary root systems). The results 
of the previous subsection allow us to reobtain these solutions by specialization of 
the basic Harish-Chandra series It leads to new results on the convergence and 
singularities of these solutions, which we state now explicitly. 

By Subsection 15.41 for generic k G the basic Harish-Chandra series $+(^,7) 
is specializable at 7 = C when C G T \ iS+ . Concretely, for C e T \ 5+ and generic 
K G , we can write 

$+(t,C) = w^.(t,C)*+(t,C) 

as meromorphic function in i G T, where ~ (see Subsection 16. 3p . Due 

to the results in Subsection [HH] (see ProDOsition l5.8l) we obtain the following result. 

Corollary 6.23. For ^ G T \ 5+, the meromorphic function ^+(t, C) in t G T is 
analytic at t G T \ . 

Let C e r \ 5, where S C T is the M/- invariant set For k G C such that 

Wi^{t,w^^-f) may be specialized at 7 = ^ for all w G Sn, the asymptotic solutions 
$+(^,7) {w G Sn) of the bispectral problem (see (|6.14p ) may thus be specialized 
at 7 = giving rise to solutions $+(•; C) £ SP,^ {w G Sn)] see CoroUarv 15.141 and 
ProDOsition l6.22l Observe that for e > sufficiently small, 

^+it,o^w^it,w-\) J2 rtiw-'ot-'^ 

for t G B^^, with normal convergence of the power series on compacta of B~^. 
Since C ^ '^e furthermore have 

r+{w-\) = k(")K{w-\)^o, 



38 



MICHEL VAN MEER AND JASPER V. STOKMAN 



with K given by (|5.16|) . 

Definition 6.24. Let Q eT\S. The $+(-;C) e SP^ (w Sn) are the Harish- 
Chandra series solutions of the spectral problem L^f — p{C^^)f (p £ C[T]'^" 

Remark 6.25. In [TS] (and [31]) the Harish- Chandra series are investigated as formal 
power series solutions to the spectral problem of the Ruijsenaars operators. The 
advantage of the present approach is the fact that it implies the convergence of the 
formal power series, basically as a consequence of a general statement about conver- 
gence of formal power series solutions of holonomic systems of g-difference equations 
(see the appendix). Chalykh's [S] Baker- Akhiezer functions arise as Harish-Chandra 
series solutions for special values of fc; see |3TJ §4.4]. In [27], the Harish-Chandra 
series solutions of the Ruijsenaars operators are constructed as matrix coefficients 
of products of vertex operators. By this approach, one obtains an explicit integral 
representation of the Harish-Chandra series. 

Remark 6.26. Observe that 

(6-19) limfj^4^.r+(t-)..(")i.(t-), 

A— >oo 

with A — >■ 00 meaning Ai — A^+i — oo for all 1 < i < N. Thus, K (see (|5.16l) ) is a 
normalized limit of the asymptotic solutions $J(-,q'^fc~*) G SP^aj.-^. The solution 
space contains the symmetric Macdonald polynomial of degree A £ A. It 

turns out though that $J(-; q^k^^) is not a multiple of the Macdonald polynomial 
of degree A S A, but $+(•, q'"''^'*'^^'') is (this will become apparent in the next 
section). On the other hand, the leading coefficient K (see (15.161) ) also naturally 
appears as a normalized limit of the Macdonald polynomial when the degree A G A 
of the polynomial tends to infinity; see [10| Lemma 4.3] (this limit was proven in 
f40] in the L^-sense). 

7. Polynomial theory 

We assume throughout this section that fc G satisfies the generic conditions 

k^Wq^, yi<j<N, 
(7 1) -J - ' 

^{5,^,-w(^,)) VI < i < N,\lw G Sn ■■ w{wj) ^ Wj. 

7.1. Polynomial solutions of the quantum KZ equation. We are going to use 
a special case of Proposition 14.91 to create 5jv-invariant (with respect to the Sn- 
action <j on SOLij; see ()4.11|) ) polynomial solutions of the quantum KZ equations. 

Lemma 7.1. Let A G A. The possible poles of the C[r] ® Find{Ho) -valued rational 
function 

7'^C^(e,-A)(-,<Z^7) -C^(e,A)(-,7)"' 

in 'f T are at 7" G k'^q"^'^ for some a G . The possible poles of 

7 C'(e,A)(-,7) 
are at 7" G fc^^q^^ for some a G R^ . 

Proof. Since Ri{z) has only a (simple) pole at z = fc^^, this follows from (|5.13p 
and the cocycle property of C; see Lemma [5?71 □ 
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Since k satisfies fc^J ^ q'^ for 1 < j < N by (fTTTj) . the spectrum of r]g>.k-s (Cy [T]) 
is simple and the {w G Sn) form a C-basis of Hq for all A G A. Fur- 

thermore, for such k we have that 7 n- C(e,A) ('7 7)^^ is regular at 7 = k^^ for all 
A G A; see Lemma 17.11 The additional conditions on k in (|7.ip will play a role in 
Subsection 17.31 and Subsection 17.41 

Proposition 14.91 now immediately implies the following result. 

Corollary 7.2. Let A G A. Then f H^■ C(e,A) (•, defines an SN-equivariant 

isomorphism SOLj,-a — > SOLgA^-a. 

The special interest in the quantum KZ equations for the particular central 
characters 7 — q-^k~^ (A G A) comes from the fact that it admits 5jv-invariant 
polynomial solutions. The key step in deriving this result is the following lemma. 

Lemma 7.3. The element t;+ :— X^toeSw ^^'"'"'^uj ^ Hq is a constant S n -invariant 
solution of the quantum KZ equation with central character fc^*. In other words, 

Cl'\t)v+=v+, VAgZ^. 

Proof. Note that Ri{z)v+ = so by Lemma HTTl and Lemma HTST ii). for any C ^ T, 

Then use i{a~'^w) — £{w) — (5, w~^Wi) ior \ <i < N (for the proof of this formula, 
it suffices to prove it for i = 1. In that case, look at the positive roots that are 
mapped to negative roots by a~^w). It implies that 

wESn 

In particular, C^. {t)vj^ — for all i. Note, furthermore, that = 
implies that q{si)v+ = Cg. — v+ for all 1 < i < iV (with <f given by (|4.11l) ). 

Hence, u+ G SOL^ij-a is S'jv-invariant. □ 

Proposition 7.4. For A G A, the nonzero Sn -invariant solution 

Qx C(,,A)(-,fc-*)"'i'+ e SOL.Afe-. 
of the quantum KZ equation is an H^-valued Laurent polynomial on T satisfying 
(7.2) Qy.it) = J2 ^-(A)t^-", 

aeQ+ 

with Ka{X) G Hq (all but finitely many terms zero). 

Proof. Note that Corollarv 17.21 and Lemma [7?3l implv that 7^ Qx G SOL^a^-s and 
that Q\ is S'Tv-invariant. The triangularity property (j7.2p follows from the cocycle 
property, (|5.13p . the explicit form of the Ri{z) and the fact that 

77(7r)(i-i)-'T„ = r"--T„-.^, w G Sn, 
which is a direct consequence of Lemma 14.11 □ 
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7.2. Duality. 

Lemma 7.5. For A G A, we have Q\[k^) = w+. 
Proof. Since v+ G SOL^,-;* and C,,t;+ — f+, we obtain 

= C,C^_^^,^{q-^k',k-')C,v+^V+, 
for A G A. □ 

The polynomial solutions Qx of the quantum KZ equations are self-dual in the 
following sense. 

Proposition 7.6. For A,/i G A, we have 

Qx{q-n^) = C,Qf,{q-^k^). 
Proof. For A,/i G A we have, using v+ G SOL^,-;* and the previous lemma, 
Qxiq-'^k') = C^,,^x){q-''k\q^k-')v+ 

(7.3) = q,,_,)(g-'^fc^g^fc-^)C(_^,e)('Z^^fc',A:-*)i;+ 

Since C(_^._A)(9"^A:^(7H-^) = C,C^^^x.-^.){q-^k\q^'k-^)C, and C,«+ = we 
conclude from dLS]) that Qxiq'^k^) = C,Q ^.{q-^k^). □ 

7.3. Relation to the basic asymptotically free solution. In this subsection, 
we relate the polynomial solutions Qx (A G A) of the quantum KZ equations to 
the basic asymptotic solution Some care is needed though: it is not pos- 
sible to specialize all the asymptotic solutions C(e (i, 7)<i>K(i, w^^7) {w G S'a?) 
to 7 = q^k^^ (A G A) since q^k~^ G S; see Corollary 15.141 We shall see that 
C'(e,u)o) (^j 7)*J'k(^7 ""^ot) can be specialized at 7 = q^k^^, which is sufhcient for our 
purposes. 

Lemma 7.7. Let A G A. There exists a unique Sa G SOLqAj.-a such that, for e > 
sufficiently small, we have an HQ-valued power series expansion 

Ex{t)^ J2 TaWt'-" 

aeQ+ 

converging normally on compacta of B^^ and with leading coefficient 

Proof. Consider the gauged quantum KZ equations for 1 < i < iV, 

(7.4) I,(t)S(g— •i) = S(i), SGi/o'^(^\ 

with g-connection matrices Ai{t) — 9^^'^''^*^C(ro..e)(t, 9'*'^"''). Note that AN{t) = 
id; see Lemma [5.21 Observe that S is a solution of the holonomic system (|7.4p of 
g-difference equations if and only if x^S G SOL^Afe-s. By CoroUarv 14.61 we have 
A, G QaiA) ® End(i?o) and 

(7.5) Af = g-<^'-'>fc<*'--),7,.,.-. (T„„y-o(-')r-/). 
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The A\^'' (1 < i < N) are semisimple endomorphisms of Hq. A basis of simultaneous 
eigenvectors of Hq is given by rig\^.-s{T^,g)^yj{q^k^^) {w G Sn)- In fact, 

for all 1 < i < and w G S'at with 

/to, J — H 1^ 7 

see (|5.10p . Note, in particular, that 7^,,^ ^ for all w G and all 1 < i < iV 
by the generic conditions (|7.1I) on fc, and that 7u)o.i = 1 for all 1 < z < N. Hence, 
Theorem 18.61 in the appendix, applied to (|7.4p by taking M = N — 1, qi = q and 
variables Zi = a;""' (1 < « < N) shows that there exists a unique S G A^(T) (g) ifo 
satisfying (j7.4p and admitting an i7o-valued power series expansion 

converging normally on compacta of for some e > small enough, and having 
as leading coefficient ro(A) = ilq>-k-''{Two)^woiQ^k^^)- This directly implies the 
lemma. □ 

Recall that the cocycle values C(e,u,)(i,7) {w G Sn) are independent of i G T. 
We suppress t from the notation and simply write C(^e,w)i'y)- Recall that C^e.w){l) 
for w G Sn is an End(i?o)-valued regular function in 7 G T. 

Theorem 7.8. Fix A G A. For k ^ q^, the basic asymptotic solution $^(^,7) of 
BqKZ can he specialized at giving rise to a HQ-valued meromorphic 

function <^^{t,q'^'«^^^k^) inteT. Then 

(7.6) Qx{t) = r^C^,,^,^-,{q^k-')<i>^{t,q^°<^^h') 
with 

(7.7) r^ = e{Kfk-(^) n 



l<i<j<N 



Proof. We first show that both Q\ and the right-hand side of (|7.6p are nonzero 
scalar multiples of S\. 

We start with the right-hand side of (|7.6p . Since $ is §Ar-stable, we have 



'^wo := r(e,u>o)$„ G SOL. 

Concretely, it is given by 

^woitn) = C'(e^„„)(7)$K(t,u'o(7)) = W^K(i,u.o(7))C(e,„,o)(7)^(^,wo(7)). 

Since wo{q^k^^) = q^-'o^'^^k^ ^ S+ by (17.11) . we may, in view of Proposition 15.91 
specialize $^f,(t,7) at 7 = q^k^^, obtaining $^|-, (•, g'^fc"'') G SOL^xi^-s. By ()5.3[ 
we have 

(7.8) W^t, woiq^k-')) = fc<*■^>0(«)-^^^ 

hence by Proposition [STU 



42 



MICHEL VAN MEER AND JASPER V. STOKMAN 



with = C(e,^„)(g^/c-*)r„(0(^)A:'5). From the definitions of C(^e,wo), d^, V and 
(see Subsections 12. 3| 13.11 and 14. ip we have 

as iJo-valued regular functions in 7 £ T. By Theorem 15.101 the leading coefficient 
Tq° thus simplifies to 

r-o ^ X(q-o(^)fc^)C(,,^„)(g^fc-^)T,„„ 

where K is given by (j5.16l) . Combined with the previous lemma, we conclude that 

(7.10) <f^„{t,q^k-') = k^'-^^0{K)-^K{q^«^^h')d^,{q~^k'y'Ex{t). 

In view of (j7.ip . ^wo{t, q^k^'^) thus is a nonzero constant multiple of E\{t). 

Next, we consider 7^ Q\ e SOL^A^-i. By Lemma [7.71 and (|7.2p . it suffices 
to note that is a constant multiple of r]qX|^-s{Twg)^wo{<l^k^^)^ which follows 

directly from the fact that Ko{X) £ Hq satisfies 

where Ai is given by (|7.5p : see the proof Lemma of 17.71 Thus, Q\{t) is a nonzero 
constant multiple of (t) , and we conclude that 

Qxit)=r4X)^^,{t,q^k-^), 

for some ^^(A) £ C^. We first show that r-„(A) is independent of A £ A. 

For w £ Sn, we write C(uj,e)it) for the 7-independent value C(u,_e)(ii7) of the 
cocycle. Let A, /i £ A. By the S'Ar-invariance of Qx, we then have, on the one hand, 

Qxiq-f^k') = C^^„e){q-''k')Qx{q-'""^''h-') 

= r„(A)C(^„,e)(g"^fc')C(e.^„)(9'fc"')*«('Z""'''''^fc"''9"'°^^^fc') 
= r,(A)q^„,^„)(q-^fc^<7^fc-^)$«(g— «(^)fc-^g-«(^)fc*). 

On the other hand, using the self-duality of Q\ (see ProDOsition l7.6p and of (see 
Theorem [ 



Qxiq-^k') = C,Q^{q-^k') = aq.„o,e)(9-^fc')Qp('Z-'""<^^fc-') 

= r,(Ai)aq^„,e)(g"^fc')C(,,,„„)(g^fc-*)$«(g-"'«(^)fc-^q^"°(^)fc*) 
= r,(Ai)aq^„^^„)(g-^fc^(7''fc-^)$,(g-'""(^)fc-^g«'"(^)fc*') 

= r«(A^)C(„„,^„)(9"''fc^9^fc"')^^<f«(9"'""^^^fc"^9'""'''^fc') 
-^«(A^)C(^„„,^„)(<Z"^fc^<Z^fc"*>«(9"'"'"^^^fc"^'Z""^^^fc')• 

We conclude that r,^{X) = rK(^) if Q\{q~^k^) / 0. In particular, since Q\{k^) = 
v+ ^ 0, we have r^iX) — r^{0) for all A £ A. 

It remains to compute := r„(0). Using the fact that C(^e^si){'l) — Ci.Ri{7~"')Ci., 
with R,{z) = Cfe(z)-i(7?(rri)-fc-i)+lfor 1 <i<N, as well as that C,(T"„\T^ J = 
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Tyjow-^ for all w G Sn, we get C(e,iua)[l)Twa = Y.w<wo ew{j)T^„w~^ as Ho-valued 
regular function in 7 e T with e^^, G C[T] and with 

e»o(7)= n c'^^(7"'')"'- 
/3ei?+ 

Taking the Te-coefRcient in the expansion of the formula 
with respect to the C-basis {7\l,}^,£5„ of iJg, we conclude that 

Substituting the explicit expressions (I2.5P and (|5.16p of Ck and K, respectively, we 
get the desired formula (|7.7p for r^. □ 

The following formula is an analog for the Q\ (A G A) of the evaluation formula 
for the self-dual symmetric Macdonald polynomials (see Subsection 17. 4p . 

Corollary 7.9. Let X e A and write Qx{t) = J2aeQ+ with K^iX) G Hq 

(see Proposition \7.4\ l- The leading coefficient A'o(A) is given by 

\l<i<j<N m=0 ^ ' 

with 

l<i<j<W 

Proof. By (|7.6p and Theorem 15. 101 we have for A G A, 

i^o(A) = r,A;<*>>0(K)-^if (g"'°(^)A;*)qe,^„o)(9^^"*)7^-o, 

with K given by (|5.16l) and r„ given by (|7.7p . Substituting the explicit expressions 
for K and we get the desired expression. □ 

The following consequence should be compared with the general expansion for- 
mula of v+ = X^toGSjv ^ terms of the £,wil) (w G Sn)', see [571 
Lemma 2.27 (2)]. 

Corollary 7.10. T/ie element v+ = E«,eSiv ^ Hq can be written as 

v+^k-i")p{k^)C^,,^^){k-')T^^ 

\l<i<j<N j 

Proof. We have v+ = Qq = Ko{0), hence the previous corollary gives the first 
equality of (|7.12p . The second equality then follows from ()7.9p . □ 

Applying the map x+ to the first line of (|7.12p gives 

w&Sn 
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with P{k^) given by (|7.11|) . which is a well-known product formula for the Poincare 
series of Sn] see [33l Cor. (2.5)]. 

7.4. Relation to symmetric self-dual Macdonald polynomials. In this sub- 
section we collect various consequences of the previous subsections for the symmet- 
ric Laurent polynomials X+((9a) G C[r]"^" (A S A). We keep the generic conditions 
(fTT]) on fc e C . We denote 

E^:=P{k^)-\+{Q^)eC[Tf", AG A. 

By Proposition, 17.41 we have 

aeQ+ 

with K^{X) = P{k'^)^^x+{Ka{X)) G C all but finitely many zero, and with leading 
coefficient K+{X) ^ hy Corollary [LS and fTT]) . 

Theorem 7.11. The Ex e C[r]'^" G Aj are the symmetric self-dual Macdonald 
polynomials. In other words, the Ex are the unique symmetric regular functions on 
T satisfying 

(7.13) LliEx) ^ p{q-^k')Ex VpGC[T]^" 

and Ex{k^) = 1 for all A G A. 

Proof. By Proposition [O^ Ex G C[T]'^" satisfies ((71^ . Since the S'Ar-orbits 
SN[q^^k^) (A G A) in T are pairwise different by (|7.ip . the eigenvalue equations 
(|7.13p uniquely characterize Ex G C[r]"^" up to a nonzero constant multiple. Now 

Ex{k')^P{e)-\+{Qx{k'))^l 

by Lemma [7751 which fixes the normalization of the solution Ex G C[T]'^" of (|7.13p 
uniquely. □ 

The duality property of Qx (see Proposition 17. 6p immediately gives the well- 
known duality property of the Macdonald polynomials. 

Corollary 7.12. The Macdonald polynomials Ex (X £ A) are self-dual, in the 
sense that 

Ex{q-^k')=E,,{q-^k') 

for all X, fi £ A. 

Remark 7.13. The self-duality of (the suitably normalized) Macdonald polynomials 
was initially proved by Koornwinder using Pieri formulas in an unpublished man- 
uscript (the argument is reproduced in VI (6.6)]). Cherednik ( 9, Thm. 1.4.6] 
and [HI Thm. 3.2]) reproduced the self-duality of the Macdonald polynomials using 
the anti-involution * (sec Theorem 12. 8p on the double affine Hecke algebra. 

We also immediately reobtain the well-known evaluation formula for the sym- 
metric Macdonald polynomials; see |32[ VI (6.11)] (the parameters {n,q,t) in [5^ 
Chpt. VI] correspond to {N,q~^ ,k'^) in our notations). 

Corollary 7.14. For A G A let Px := K^{Xy^Ex G C[r]-^" be the monic sym- 
metric Macdonald polynomial of degree X. Then 

p.ik^)^k-i^^^^ n n ['A^u-, ■ 

l<i<j<N m=0 ^ 
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Proof. By the previous theorem we have P\{k^) = Kq{X)^^. Corollary 17.91 gives 

A-(A)=.<« n n 

l<i<j<N m=0 ^ 

which implies the desired result. □ 

8. Appendix on holonomic systems of ^-difference equations 

In the appendix we detail the construction of power series solutions of holonomic 
systems of q-difference equations. Special cases have been investigated in, e.g., [5], 
PP] and JJj §12]. Many arguments go back to classical works [T], [3], [i], gS] on 
ordinary linear g-difference equations. 

We begin with the construction of formal asymptotic solutions to holonomic 
systems of g-difference equations. Let C[[z]] — C[[zi, . . . , zm]] denote the ring of 
formal power series in M indeterminates zi, . . . , zm over the complex numbers. Let 
V he a finite-dimensional complex vector space and let 

A, e C[[z]] »End(F) 

for i = 1, . . . ,M. Since C[[z]] (g) End(F) is isomorphic to Endc[[2]] (C[[z]] (g) V) as 
C[[z]] -module, we can view the Ai as C[[z]]-linear endomorphisms of C[[z]] ^V. Fix 
< Qi < 1 ioi 1 < i < M . Define the gi-dilation operators 

%: <C[[z]] ^ <C[[z\] 
for i = 1 , . . . , M as the complex linear maps 

TiiY. ^-^") •= E C'dmz"" (d^ e C), 

m m 

where we use multi-index notation = z™^ • • • z^'^' for m = (mi, . . . , itim) with 
rrij G Z>o. We also view % as operators on C[[z]] ® V and on C[[z]] (gi End{V). 
Consider the system of first-order linear g-difference equations 

(8.1) A,Td = f, (^ = 1,...,A^) 

for / e C[[z]] ® V. 

For / G C[[z]] (g) V and A G C[[z]] End(V^), we introduce the notations 

/'™^ /|.,„+i=...=.M=o e C[[zi, . . . , ® F 

:= A|,,„^,=...=,„^o e C[[zi, . . . , z™]] End{V) 

for < m < M, with the convention that /^^^^ = / and A'-^^'^ = A. We make the 
following assumptions on the system of g-difference equations (|8.ip : 
(a) The system (|8.ip is holonomic, that is 

(8.2) A,T^iA,) = AjTjiA,) 

for all 1 < i, j < M . Note that the holonomy implies that the leading coefficients 
Af' G End(V^) of Ai mutually commute, i.e., 

[Af),Af]=0 

for aU 1 <i,j < M. 
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(b) The complex linear endomorphisms A^'^ , ■ ■ • , A^m '^^ ^ semisimple. Com- 
bined with (a) we thus have 

-res 

with V[j] := {i- e y I Af'K = j,v (7 G C*'0 and {7 G C*^ | ^[7] 7^ {0}}. 

(c) (1*0 (1, . . . , 1) e C*^ belongs to S. 

(d) 7fe ^ q-^'^ for all 7 G and l<k<M. 

Proposition 8.1. Fix v G Consider the system (|8.ip of q-difference 

equations and suppose that (a)-(d) are satisfied. Then there exists a unique solution 
G <C[[z]] (giV of (gJ]) such that 

$(0) = V 

Proof. The proposition is a consequence of the following lemma. 
Lemma 8.2. Let < m < AI . Suppose one has a solution 

frn e C[[zi,...,Z„]] 

of the system of equations 

Alj^'^Trfrr.^ fm, 1 < r < m, 

A'^r^fm = /m, m<s<M. 

Then there exists a unique 

fm + l = ^ frn-nZ'^+i G C[[2i, . . . , Z^+l]] d) V 
ri>0 

with fm;n S . . . , Zm]] fX" V and fm:0 — fm Satisfying (|8.3p with the role of m 

replaced by m + 1: 

4"+'^?; l<r<m+l, 
- fm+i, m+l<s<M. 

The proposition follows directly from the lemma as follows. Note that /g := w G 
is a solution of for m = 0. The formal V-valued series /m G C[[z]](8)1/, 
obtained by repeated application of the lemma starting from fa — v, gives a formal 
y-valued series solution of (|8.ip satisfying /{J-* = v. For uniqueness, assume that 
/ G C[[z]] (g) y is another formal V^-valued series satisfying /^^^ = v and solving 
([5T|) . We have /(o' = v = fo and /(™) solves (gSD for all < m < A/. Hence, by 
the uniqueness part of the lemma, / = /f*'^) = fj^j. 

We now proceed to prove the lemma. We assume that we have a formal power 
series solution /,„ G C[[zi, . . . , Zm]] (gV of (|8.3p for some < m < M. We write 



(8.5) ^("+1) = J2 ^r-; 



0^ 



ri>0 

where aI^ G C[[zi, . . . , Zm]] ® End(y) and A^™"* = A^™''. By a direct computation 
one verifies that 

/m + l = /™;"^m+l G C[[zi, . . . , Zm+l]] ® V 

ri>0 
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with fm-n £ C[[zi, . . . , Zm]] V and fm;0 — fm Satisfies the g-diiference equation 

.(m, + l)rj- f _ f 

'm+l/m+1 — Jm+1 

if and only if 

n 

(8-6) (l — Qm+l^m+l) fm-^n — 'Zm+l^m+l;;/™;"-' 

1=1 

for all n G Z>o. The recurrence relations (j8.6l) admit a unique solution (/m;n)nez>o 
with /m;n € . . . , Zm]] ^ V and with initial condition fm-.Q = fm- Indeed, note 

that (|8.6p is valid for n = since fm-o = fm satisfies (|8.3p . For n > 1, we have 

det(l-g;;+i^l:^)0 eC[[zi,...,z„r, 

since 

det {l-q'^^,A^mli)U=...=.^=o = det (l-qlMmli) = 11(1-'^™+!^™+^'''''^) ^ 
by assumption (d). Cramer's rule then implies that ()8.6p admits a unique solution 

with /j„;0 = fm- 

We conclude that there exists a unique 

fm+l = ^ ^ fm-.nZm+l 
n>0 

with /m;n G . . . , Zm]] V and /m;0 — fm satisfying the g-difference equation 

(8-7) All^_^j^^Tm+lf7n+l = fm+1- 



It remains to show that fm+i also satisfies ()8.4|) for r = l,...,m and for s = 
TO + 2, . . . , A/. 

Fix 1 < r < TO and write gr '-= A^^^'^T^fm+i- Its expansion in powers of Zm+i 
is written as 

9r — ^ ' 9r\nZm+l 
n>0 

with gj.-n S C[[zi, . . . , Zm]] 'Si V and 5r;0 = A^^%.fm = /nu where the last equality 
follows from the fact that fm is assumed to satisfy (18. 3p . Furthermore, using the 
holonomy (|8.2p and the (/-difference equation (|8.7p in Zm+i satisfied by fm+i, we 
have 

'm+1.9r — ^„i+i /m+l(,^r 'j/r/m+l/m+1 
_ 4(m+l)-7- / /^(m+l)^-7-^- r 

— 'r[Am+l hn+lfm+l) 

— ^("1+1)7- f — n 

We conclude that g^- satisfies the characterizing properties of fm+i- Hence gr = 
fm+i, i-e., 

A^"^^^^Trfm+l — fm+1- 

Fix TO + 1 < s < M and write gg := As™^^''/,„+i. By a similar argument as used 
in the previous paragraph, we now show that gg = fm+i- We write 

9s = <7s;n^m+l 
n>0 
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with Qs-n e €-[[zi, . . . , Zm]] ® V and gs-o = A':"'^ fm = /m, where the last equahty 
fohows by the assumption that satisfies (|8.3p . Using the holonomy (|8.2p . the 
q-difference equation (|8.7|) . and the obvious fact that 7^(A|^"'^^') = ^m+i^'' since 
s > m + 1, we have 

^(m+l)^ _ /l(ni+l)-7- /- /l(™+l)A-r f 

'm+lffs — ^m+1 'm+li^s 'j/m+l/m+1 

— /Is 'sl-^,„+l j/m+l/m+1 

_ A(m+1) 4(™+l)-r f 

— An+1 /m+l/m+1 

— /l(m+l) f — „ 

— Jm+1 — ys- 

We conclude that satisfies the characterizing properties of /m+i- Hence gs = 
/m+i, i-e. 

^i'^^^Vm + l = /m+1- 

This completes the proof of Lemma and hence the proof of Proposition l8.ll □ 

We investigate the analytical properties of the solution $i, when the (/-connection 
matrices Ai {1 < i < M) satisfy, besides the conditions (a)-(d), the following 
analyticity condition: 

(e) For some e > the formal End(y)-valued series Ai e C[[z]] (g) End(y) 
(1 < « < M) converges normally on compacta of the open polydisc := {z € 
C*^| |z,| < e Vi}. 

In other words, if we expand Ai along a basis of End(V^), condition (e) requires 
its coefhcients in C[[z]] to converge normally on compacta of D^^ . 

Proposition 8.3. Suppose that the q-connection matrices Ai £ C[[z]] ® End(V^) 
(1 < i < M) satisfy (a)-(e). Let v € ^[(1^^)]. There exists an e > such that the 
formal V -valued series G C[[z]] ® V converges normally on compacta of Df^ . 

Proof. For ease of notation, we will write $ instead of . By induction on m = 
0, . . . , M we prove that there exists e > such that e C[[zi, . . . , Zm]] ® V 

converges normally on compacta of Z?™ . 

For m — 0, there is nothing to prove. Fix < m < M and suppose 
converges normally on compacta of for some S > 0. Write 

(j)(m+l) ^ <j) 

ri>0 

with G C[[zi, . . . , Zm]] (X" V and <i>m:0 — Recall from the proof of Lemma 

18.21 that the formal ^-valued power series $m;n {n > 1) are unique characterized 
by the recurrence relations 

n 

(8.8) = EC+i(l - C+i4:-^i)"'^Si,*m;„-; 

1=1 

for all n > 1. We use this recurrence formula to find bounds for in a neigh- 

borhood of G C™. 

Turn the finite-dimensional complex vector space V into an inner product space, 
with corresponding norm denoted by || ■ ||. We also write || ■ || for the operator norm 
of the associated finite-dimensional normed space End(y). We continue the proof 
of the proposition with two technical sublemmas. First we find a proper uniform 
bound for A^mii;i aU I (see (jSTSl) ). 
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Lemma 8.4. There exists e > and M > such that < Me ' on D™ 

for all / > 0. 

Proof. By (e) there exists an e > such that a'^^]^^^'^ G C[[zi, . . . , Zm+i]] ® End(y) 
converges normally on compacta of the polydisc D™^'^^. Consequently, for e < e' < 
2e we have that is uniformly bounded on the polydisc Z?™^^, say by 

M > 0. In particular, we get 

for all {zi,...,Zra) e dT and for alU > (see, e.g., [23^ Theorem 2.2.7). This 
proves the lemma in view of the definition ^ of A^^^^.^ . □ 

Lemma 8.5. There exists an e > such that $,n;n £ C[[2;i, . . . , Zm]] ® V converges 
normally on compacta of D™ for all n > 0. Furthermore, there exists a constant 
C > ( independent of n) such that 

l + C \qm+iej 

on D"^ for all n > 1 . 

Proof. In the proof of this lemma, we write q instead of Qm+i- By assumption, 
^m;0 — converges normally on compacta of if < e < (5. We now use the 
recurrence relation (18.81) to obtain the desired results for $m;n with n > 1. 

By the proof of Lemma 18.21 and since < q < 1, there exists some e > 
(independent of rt > 1) such that det(l — q"'A'"™_l^)^^ is analytic on Z?™ for all 

n > 1 and such that | det(l — g"^!^]^)^^! is bounded on the closure 15^" of Z?™, with 
bound independent of n > 1. For such e, it follows from (|8.8p that converges 
normally on compacta of fo'" all rt > 1. Furthermore, by (e), < g < 1, and 
Cramer's rule, it implies that for e > small enough, 

\\il~q-A^I,)-'\\<C' 

on 1D^^ for all n > 1, with C" > also independent of n. By (|8.8p . < g < 1 and 
the previous lemma, we thus obtain for e > small enough, 

n " / 1 \ ' 

(8.9) ||$„,„|1 < ||<i>„;„_dl <CJ2(-) 

1=1 1=1 

on 17^" for all n > 1 with the constant C = CM > (independent of n). 
Now, we have the following claim (cf. [H] §10.6): the recurrence relation 




(n > 0) 



with (7o G Hi fixed is uniquely solved by 



C fl + CY 
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for n > 1. Being obvious for ji — 1, the claim folfows using induction for n > 1 by 




Combined with (|8.9p . the lemma now follows immediately. □ 

To conclude the proof of the proposition, note that the previous lemma shows 
that 

^(m+l) ^ J2 $™;„C+1 e C[[Z1, . . . , Zrn+l]] ® ^^diV) 
n>0 

converges normally on compacta of Z?™^^ if we take e' > sufficiently small. This 
concludes the proof of the induction step. □ 

We interpret the g-dilation operators % as automorphisms of A^(C*^) by 

i7if)(z) = f{zi, . . .,Zi^i,qiZi,Zi+i, . . .,zm)- 

Theorem 8.6. Suppose Ai e 7W(C*-^) (8)End(F) (l<i<M) satisfy the holonomy 
conditions (|8.2p as meromorphic Find(V) -valued functions on C*^. Suppose that 
the Ai are analytic at E C^^ and that their power series expansions at E C^^ 
satisfy the conditions (b)-(d). 

Let V G V[{1^)]. There exists a unique $^ £ Ai{C^'^) ®V solving the holonomic 
system (|8.1|) of q-difference equations and coinciding, in a small neighborhood of 
G C^^, with the converging V -valued power series solution from Proposition 

[M 

Proof. Since the Ai are assumed to be analytic at G C^^, their power series 
expansions at G C*^ are converging normally on compacta of some open polydisc 
D^^ (e > 0). Hence, condition (e) is automatically satisfied. 

Let $1, G C[[z]](8)V be the power series solution from Proposition l8.3l and let e > 
such that converges normally on compacta of D^^ . Let z' G C^^ and U C C^^ 
some open locally compact neighborhood of z' . Since 0<qi<l(l<i< M), 
there exists a A G Z>q such that q^U C Df' , where q^z = {q^^ zi, . . . , q^^ zm)- 
Define as F-valued meromorphic function on z G [/ by 

(8.10) $„(z) - Aa(z)$„(<z^z), 

where Ax G M{C^^) ® End{V) is defined inductively by 

Ax+^iz) = Ax{z)A^{q^z), VA, /i G Z|'o. 

and ylg. — Ai {1 < i < M), where the (1 < z < M) are the standard generators 
of the additive monoid Z>^q. Of course, the definition of Ax{z) makes sense by the 
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holonomy conditions for the Ai. Furthermore, ()8.10p together with the holonomy 
conditions for the Ai show that the power series solution of (|8.2p has a unique 
extension to a meroniorphic y- valued solution on C*^ of (|8.2[) . □ 
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